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1. INTRODUCTION

Termination of logic programs is widely studied. Most automated techniques try to
prove universal termination of de nite logic programs, i.e., one tries to show that
all derivations of a logic program are nite w.r.t. the left- to-right selection rule.

Both \direct" and \transformational" approaches have been proposed in the lit-
erature (see, e.g., [De Schreye and Decorte 1994] for an oviaw and [Bruynooghe
et al. 2007; Codish et al. 2005; Codish et al. 2006; De Schregmd Serebrenik 2002;
Lagoon et al. 2003; Mesnard and Ruggieri 2003; Mesnard and &dbrenik 2007;
Nguyen and De Schreye 2005; 2007; Nguyen et al. 2008; Seratikeand De Schreye
2005a; Smaus 2004] for more recent work on \direct" approadss). \Transfor-
mational" approaches have been developed in [Aguzzi and Madliani 1993; Arts
and Zantema 1995; Chtourou and Rusinowitch 1993; Ganzingeand Waldmann
1993; Krishna Rao et al. 1998; Marchiori 1994; 1996; van Raasdonk 1997] and
a comparison of these approaches is given in [Ohlebusch 2Q0Moreover, similar
transformational approaches also exist for other programring languages (e.g., see
[Giesl et al. 2006] for an approach to prove termination ofHaskelprograms via
a transformation to term rewriting). Moreover, there is also work in progress to
develop such approaches for imperative programs.

In order to be successful for termination analysis of logic ppgrams, transforma-
tional methods

() should be applicable for a class of logic programs as large as possible and
(1) should produce TRSs whose termination iseasy to analyze automatically

Concerning (I), the above existing transformations can ony be used for certain sub-
classes of logic programs. More precisely, all approachesaept [Marchiori 1994;
1996] are restricted to well-moded programs. The transformations of [Marchiori
1994; 1996] also consider the classessimply well-typed and safely typedprograms.
However in contrast to all previous transformations, we present a new transforma-
tion which is applicable for any (de nite) logic program. Like most approaches
for termination of logic programs, we restrict ourselves toprograms without cut
and negation. While there are transformational approacheswvhich go beyond de -
nite programs [Marchiori 1996], it is not clear how to transform non-de nite logic
programs into TRSs that are suitable for automated termination analysis, cf. (lI).
Concerning (ll), one needs an implementation and an empirial evaluation to
nd out whether termination of the transformed TRSs can indeed be veri ed au-
tomatically for a large class of examples. Unfortunately, b our knowledge there is
only a single other termination tool available which implements a transformational
approach. This tool TALP [Ohlebusch et al. 2000] is based on the transformations
of [Arts and Zantema 1995; Chtourou and Rusinowitch 1993; Gazinger and Wald-
mann 1993] which are shown to be equally powerful in [Ohlebwch 2001]. So these
transformations are indeed suitable for automated termindion analysis, but con-
sequently, TALP only accepts well-moded logic programs. This is in contrasto
our approach which we implemented in our termination prover AProVE [Giesl et al.
2006]. Our experiments on large collections of examples ineStion 7 show that our
transformation indeed produces TRSs that are suitable for atomated termination
analysis and that AProVE s currently among the most powerful termination provers
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Automated Termination Proofs for Logic Programs by Term Rewiihg 3

for logic programs.

To illustrate the starting point for our research, we briey review related work
on connecting termination analysis of logic programs and tem rewrite systems:
in Section 1.1 we recapitulate the classical transformatia of [Arts and Zantema
1995; Chtourou and Rusinowitch 1993; Ganzinger and Waldman 1993; Ohlebusch
2001] and in Section 1.2 we discuss the approach of adaptingRiS-techniques to
the logic programming setting (which can be seen as an altewtive to our approach
of transforming logic programs to TRSs). Then in Section 1.3we give an overview
on the structure of the remainder of the paper.

1.1 The Classical Transformation

Our transformation is inspired by the transformation of [Ar ts and Zantema 1995;
Chtourou and Rusinowitch 1993; Ganzinger and Waldmann 19930hlebusch 2001].
In this classical transformation, each argument position & each predicate is either
determined to be aninput or an output position by a moding function m. So for
every predicate symbolp of arity nandeveryl i n,wehavem(p;i) 2fin;outg.

Thus, m(p;i) states whether thei-th argument of p is an input (in) or an output

(out ) argument.

As mentioned, the moding must be such that the logic program$well moded[Apt
and Etalle 1993]. Well-modedness guarantees that each atoselected by the left-to-
right selection rule is \su ciently" instantiated during a ny derivation with a query
that is ground on all input positions. More precisely, a progam is well moded i
for any of its clausesH :{ By;:::;Bg with k 0, we have

@ Vouu(H) Vin(H)[Vou(B1)[ :::[V ou (Bk) and
(b) Vin(Bi) Vin(H)[Vou(B1)[ :i:[Vou(Bi 1) foralll i k

Vin (B) and Vo (B) are the variables in terms onB's input and output positions.

Example 1.1. Consider the following variant of a small example from [Ohldéusch
2001].

p(X; X ):
p(f(X);a(Y)) { p((X):f(Z));p(Z; 9(Y)):

Let m be a moding with m(p; 1) = in and m(p; 2) = out. Then the program is well
moded: This is obvious for the rst clause. For the second clase, (a) holds since
the output variable Y of the head is also an output variable of the second body
atom. Similarly, (b) holds since the input variable X of the rst body atom is also
an input variable of the head, and the input variable Z of the second body atom is
also an output variable of the rst body atom.

In the classical transformation from logic programs to TRSs two new function
symbols pi, and poy: are introduced for each predicatep. We write \ p(s;t)" to
denote that s and t are the sequences of terms op's in- and output positions.

For each factp(s;t), the TRS contains the rule pi, (9) !  pout ().

ACM Transactions on Computational Logic, Vol. V, No. N, 20YY



4 P. Schneider-Kamp, J. Giesl, A. Serebrenik, R. Thiemann

contains the following rules:

Pin (8! Uca(pa, (81);V(9)
Uc:1(P1o, (t1);V(9) ! Uci2(p2, (%2);V(9) [V (t1))

Ucik (P () V() IV (T1) [ 222V (T 1)) ! Pour (D)

If the resulting TRS is terminating, then the original logic program terminates for
any query with ground terms on all input positions of the predicates, cf. [Ohlebusch
2001]. However, the converse does not hold.

Example 1.2. For the program of Example 1.1, the transformation results n the
following TRS R.

Pin (X) ! Pout (X)
Pin (F(X)) 1 uz(pin (F(X)); X)
Uz (pout (F(Z)); X) I u2(pin (2);X;2)
Uz2(Pout (G(Y)); X;Z) 1 pout (9(Y))

The original logic program is terminating for any query p(t1;t2) wheret; is a ground
term. However, the above TRS is not terminating:

Pin (F(X)) ! r Ua(pin (F(X)); X) 1 r Ua(ua(pin (F(X)); X); X) 1 R 122

In the logic program, after resolving with the second clauseone obtains a query
starting with p(f(:::);f(:::)). Since p's output argument f(:::) is already partly
instantiated, the second clause cannot be applied again fothis atom. However,
this information is neglected in the translated TRS. Here, ae only regards the
input argument of p in order to determine whether a rule can be applied. Note
that many current tools for termination proofs of logic programs like cTI [Mesnard
and Bagnara 2005],TALP [Ohlebusch et al. 2000],TermiLog [Lindenstrauss et al.
1997], andTerminWeb[Codish and Taboch 1999] fail on Example 1.1.

So this example already illustrates a drawback of the classal transformation:
there are several terminating well-moded logic programs witch are transformed into
non-terminating TRSs. In such cases, one fails in proving te termination of the
logic program. Even worse, most of the existing transformaibns are not applicable
for logic programs that are not well moded?

Example 1.3. We modify Example 1.1 by replacingg(Y) with g(W) in the body
of the second clause:

p(X; X ):
p(f(X);a(Y)) { p(E(X):f(Z));p(Z; g(W)):

1Example 1.3 is neither well moded nor simply well typed nor sa fely typed (using the types
\Any " and \ Ground ") as required by the transformations of [Aguzzi and Modigli  ani 1993; Arts
and Zantema 1995; Chtourou and Rusinowitch 1993; Ganzinger and Waldmann 1993; Krishna
Rao et al. 1998; Marchiori 1994; 1996; van Raamsdonk 1997].
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Still, all queries p(ty;tz) terminate if t; is ground. But this program is not well
moded, as the second clause violates Condition (a)Vout (P(f(X);9(Y))) = fYg 6
Vin (P(F(X);9(Y))) [V out (P(F(X): £(2))) [V out (P(Z; 9(W))) = £X;Z;W g. Trans-
forming the program as before yields a TRS with the ruleuz(pout (g(W)); X;Z) !
Pout (9(Y)). So non-well-moded programs result in rules with variabledike Y in
the right- but not in the left-hand side. Such rules are usualy forbidden in term
rewriting and they do not terminate, since Y may be instantiated arbitrarily.

Example 1.4. A natural non-well-moded example is the appendprogram with
the clauses
append[];M;M):
append[XjL];M;[X|N]) { appendL;M;N):

and the moding m(appendl1) = in and m(append2) = m(append3) = out,
i.e., one only considersappends rst argument as input. Due to the rst clause
append[]; M ; M), this program is not well moded although all queries of the fom
appendty;ty;t3) are terminating if t; is ground.

1.2 Term Rewriting Techniques for Termination of Logic Pragns

Recently, several authors tackled the problem of applying ermination techniques
from term rewriting for (possibly non-well-moded) logic programs. A framework
for integrating orders from term rewriting into direct termination approaches for
logic programs is discussed in [De Schreye and Serebrenik(Z)? However, the
automation of this framework is non-trivial in general. As an instance of this
framework, the automatic application of polynomial interp retations (well-known in

term rewriting) to termination analysis of logic programs is investigated in [Nguyen
and De Schreye 2005; 2007]. Moreover, [Nguyen et al. 2008]temnd this work

further by also adapting a basic version of thedependency pair approacHArts and

Giesl 2000] from TRSs to the logic programming setting. Thisprovides additional

evidence that techniques developed for term rewriting can sccessfully be applied
to termination analysis of logic programs.

Instead of integrating each termination technique from temm rewriting separately,
in the current paper we want to make all these techniques avdable at once. There-
fore, unlike [De Schreye and Serebrenik 2002; Nguyen and Del8eye 2005; 2007,
Nguyen et al. 2008], we choose a transformational approactOur goal is a method
which

(A) handles programs like Example 1.1 where classical trarfermations like the one
of Section 1.1 fail,

(B) handles non-well-moded programs like Example 1.3 wherenost current trans-
formational techniques are not even applicable,

(C) allows the successfubutomated application of powerful techniques from rewrit-
ing for logic programs like Example 1.1 and 1.3 where currentools based on

2But in contrast to [De Schreye and Serebrenik 2002], transfo rmational approaches like the one
presented in this paper can also apply more recent terminati on techniques from term rewriting
for termination of logic programs (e.g., re ned variants of  the dependency pair method like [Giesl
et al. 2005; Giesl et al. 2006; Hirokawa and Middeldorp 2005] , semantic labelling [Zantema 1995],
matchbounds [Geser et al. 2004], etc.).
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direct approaches fail. For larger and more realistic examfes we refer to the
experiments in Section 7.

1.3 Structure of the Paper

After presenting required preliminaries in Section 2, in Setion 3 we modify the
transformation from logic programs to TRSs to achieve (A) ard (B). So restrictions
like well-modedness, simple well-typedness, or safe typadss are no longer required.
Our new transformation results in TRSs where the notion of \rewriting" has to
be slightly modi ed: we regard a restricted form of in nitar y rewriting, called
in nitary constructor rewriting . The reason is that logic programs useuni cation ,
whereas TRSs useamatching.

To illustrate this dierence, consider the logic program p(s(X)):{ p(X) which
does not terminate for the query p(X): Unifying the query p(X) with the head
of the variable-renamed rulep(s(X1)){ p(X1) yields the new queryp(X1). After-
wards, unifying the new query p(X1) with the head of the variable-renamed rule
p(s(X2)) { p(X>) yields the new queryp(X,), etc.

In contrast, the related TRS p(s(X)) ! p(X) terminates for all nite terms.
When applying the rule to some subtermt, one has tomatch the left-hand side " of
the rule againstt. For example, when applying the rule to the term p(s(s(Y))), one
would use the matcher that instantiates X with s(Y). Thus, p(s(s(Y))) would be
rewritten to the instantiated right-hand side p(s(Y)). Hence, one occurrence of the
symbol sis eliminated in every rewrite step. This implies that rewriting will always
terminate. So in contrast to uni cation (where one searchesfor a substitution
with t = " ), here we only use matching (i.e., we search for a substitutin  with
t = ° , but we do not instantiate the term t that is being rewritten).

However, the in nite derivation of the logic program above corresponds to an
in nite reduction of the TRS above with the innite term p(s(s(:::))) containing
in nitely many nested s-symbols. So to simulate uni cation by matching, we have
to regard TRSs where the variables in rewrite rules may be inntiated by in nite
constructor terms. It turns out that this form of rewriting a Iso allows us to analyze
the termination behavior of logic programming with in nite terms, i.e., of logic
programming without occur check.

Section 4 shows that the existing termination techniques fo TRSs can easily be
adapted in order to prove termination of in nitary construc tor rewriting. For a
full automation of the approach, one has to transform the setof queries that has
to be analyzed for the logic program to a corresponding set oferms that has to
be analyzed for the transformed TRS. This set of terms is chaacterized by a so-
called argument Iter and we present heuristics to nd a suitable argument Iter
in Section 5. Section 6 gives a formal proof that our new tran®rmation and our
approach to automated termination analysis are strictly more powerful than the
classical ones of Section 1.1. We present and discuss an exd&/e experimental
evaluation of our results in Section 7 which shows that Goal C) is achieved as
well. In other words, the implementation of our approach canindeed compete with
modern tools for direct termination analysis of logic progmams and it succeeds for
many programs where these tools fail. Finally, we concluden Section 8.

Preliminary versions of parts of this paper appeared in [Scheider-Kamp et al.
2007]. However, the present article extends [Schneider-Kap et al. 2007] consider-
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Automated Termination Proofs for Logic Programs by Term Rewiihg 7

ably (in particular, by the results of the Sections 5 and 6). Sction 6 contains a new
formal comparison with the existing classical transformatonal approach to termi-

nation of logic programs andproves formally that our approach is more powerful.

The new contributions of Section 5 improve the power of our méhod substantially

as can be seen in our new experiments in Section 7. Moreovem icontrast to

[Schneider-Kamp et al. 2007], this article contains the ful proofs of all results and
a discussion on the limitations of our approach in Section 2.

2. PRELIMINARIES ON LOGIC PROGRAMMING AND REWRITING

We start with introducing the basics on (possibly in nite) t erms and atoms. Then
we present the required notions on logic programming and ondrm rewriting in
Sections 2.1 and 2.2, respectively.

A signatureis a pair ( ; ) where and are nite sets of function and predicate
symbols. Eachf 2 [ has an arity n 0 and we often write f=n instead of
f. We always assume that contains at least one constantf=0. This is not a
restriction, since enriching the signature by a fresh consint would not change the
termination behavior.

De nition 2.1 (In nite Terms and Atoms) . A term over is a tree where every
leaf node is labelled with a variableX 2V or with f=02 and every inner node

the term with root f and direct subtreesty;:::;t,. A term t is called nite if all
paths in the tree t are nite, otherwise it is in nite . A term is rational if it only
contains nitely many di erent subterms. The sets of all ni te terms, all rational
terms, and all (possibly in nite) terms over are denoted by T( ;V), T ( ;V),

means thatt; 2 T® ( ;V) for all i. T( ;V) is de ned analogously. For a term
t, let V(t) be the set of all variables occurring int. A position pos 2 N in a
(possibly in nite) term t addresses a subterntjp,s of t. We denote the empty word
(and thereby the top position) by ". The term t[s],s results from replacing the
subterm tjpes at position pos in t by the term s. So for pos = " we havetj- = t

forall i. We write A( ; )and T()instead of A( ; ;?)and T( ;?).

2.1 Logic Programming
A clausecisaformulaH { By;:::;Bxwith k OandH;B; 2A( ; ;V). Hiscs

Since we are also interested in logic programming without ocur check we consider
in nite  substitutions VvV !' T 1 ( ;V). Here, we allow (X) 6 X for in nitely
many X 2 V. Instead of (X) we often write X . If is a variable renaming

ACM Transactions on Computational Logic, Vol. V, No. N, 20YY



8 P. Schneider-Kamp, J. Giesl, A. Serebrenik, R. Thiemann

(i.e., a one-to-one correspondence oX), then t is avariant of t, wheret can be
any expression (e.g., a term, atom, clause, etc.). We write to denote that the
application of is followed by the application of

A substitution isaunier oftwotermssandtifandonlyifs =t . We call

the most general unier (mgu) of sand t if and only if is a unier of sandt
and for all uniers  of s and t there is a substitution such that =

We briey present the procedural semantics of logic prograns based on SLD-
resolution using the left-to-right selection rule implemented by most Prologsystems.
More details on logic programming can be found in [Apt 1997]for example.

Q ¢ QYif isthe mgu® of Ay andH, and Q°=(By;:::;Bk; A2 i AN) .
A derivation of a program P and Q is a possibly in nite sequenceQg; Q1;::: of
queries with Qg = Q where for alli, we haveQ; " ., : ,,, Qi+1 for some substitution

above, we also writeQo " 5. ... = Qn 0or Qo " p Qn, and we also writeQ; " p Qi+1
for Qi "¢, : . Qi+1. The query Q terminates for P if all derivations of P and Q
are nite.

Our notion of derivation coincides with logic programming without an occur
check [Colmerauer 1982] as implemented in recemrolog systems such asSICStus
or SWI. Since we consider only de nite logic programs, any progranwhich is termi-
nating without occur check is also terminating with occur check, but not vice versa.
So if our approach detects \termination”, then the program is indeed terminating,
no matter whether one uses logic programming with or withoutoccur check. In
other words, our approach is sound for both kinds of logic prgramming, whereas
most other approaches only consider logic programming wittoccur check.

Example 2.3. Regard a programP with the clausesp(X ) :{ equa(X; s(X)); p(X)
and equa(X; X ). We obtain p(X) ~2 p(s(s(::3))) ~2 p(s(s(::3))) "2 ::: where
s(s(:::)) is the term containing in nitely many nested s-symbols. So the nite
query p(X) leads to a derivation with in nite (rational) queries. Whil e p(X) is
not terminating according to De nition 2.2, it would be term inating if one uses
logic programming with occur check. Indeed, tools likecTl [Mesnard and Bagnara
2005] andTerminWeb[Codish and Taboch 1999] report that such queries are \ter-
minating"”. So in contrast to our technique, such tools are ingeneral not sound for
logic programming without occur check, although this form o logic programming
is typically used in practice.

2.2 Term Rewriting
Now we de ne TRSs and introduce the notion of in nitary constructor rewriting
For further details on term rewriting we refer to [Baader and Nipkow 1998].

De nition 2.4 (In nitary Constructor Rewriting) . A TRS R is a nite set of

SNote that for nite sets of rational atoms or terms, uni cation is decidable, the mgu is unique
modulo renaming, and it is a substitution with  rational terms [Huet 1976].
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rules ! r with ;r 2T ( ;V)and  2V.* We divide the signature into de ned
symbols p = ff j° ! r 2R;root(’) = fgandconstructors ¢c= n p. R's
in nitary constructor rewrite relation is denoted! r: fors;t2T?! ( ;V) we have
s! g tifthereisarule’ ! r,apositionposand asubstitution :VIT 1 ( ¢;V)
with sjpos = = andt = s[r Jps. Let! §,! R“, I g denote rewrite sequences
of n steps, of at leastn steps, and of arbitrary many steps, respectively (where
n 0). Aterm t is terminating for R if there is no in nite sequence of the form
t! gty! rt2! g 10 ATRS R isterminating if all terms are terminating for R.

The above de nition of ! g di ers from the usual rewrite relation in two aspects:

(i) We only permit instantiations of rule variables by constructor terms.
(i) We use substitutions with possibly non-rational in ni te terms.

In Example 3.2 and 3.3 in the next section, we will motivate these modi cations
and show that there are TRSs which terminate w.r.t. the usual rewrite relation,
but are non-terminating w.r.t. in nitary constructor rewr iting and vice versa.

3. TRANSFORMING LOGIC PROGRAMS INTO TERM REWRITE SYSTEMS

Now we modify the transformation of logic programs into TRSsfrom Section 1 to
make it applicable for arbitrary (possibly non-well-moded) programs as well. We
present the new transformation in Section 3.1 and prove its gundness in Section 3.2.
Later in Section 6 we will formally prove that the classical transformation is strictly
subsumed by our new one.

3.1 The Improved Transformation
Instead of separating between input and output positions ofa predicate p=n, now
we keepall arguments both for pi, and poyt (i-e., pin and poyt have arity n).

De nition 3.1 (Transformation) . A logic program P over ( ; ) is transformed
into the following TRS Rp over p = [f pn=N; pour=njp=n2 g[f ue jc2
P;1 i k; wherek is the number of atoms in the body ofcg.

For each factp(s) in P, the TRS Rp contains the rule pi, (9) !  pout (9)-

Pin (9 ! Uc1(P1, (31); V(9)
Uc;1(Pio (81); V() ! Uc2(p2, (22); V(9 [V (51))

Ucik (Prow () V() [V () [ [V (s 1)) ! Pou (9)

The following two examples motivate the need for in nitary c onstructor rewriting
in De nition 3.1, i.e., they motivate Modi cations (i) and ( i) in Section 2.2.

4In standard term rewriting, one usually requires V(r) V (°) for all rules * ! r. The reason
is that otherwise the standard rewrite relation is never wel | founded. However, the in nitary
constructor rewrite relation  de ned here can be well founded even if V(r) 6 V().
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10 P. Schneider-Kamp, J. Giesl, A. Serebrenik, R. Thiemann

Example 3.2. For the logic program of Example 1.1, the transformation of Def-
inition 3.1 yields the following TRS.

Pin X )1 pout (X; X)) (1)

Pin (F(X);9(Y)) ! ua(pin (F(X);1(2)): X5 Y) (2)

Uz (Pout (F(X);f(2));X;Y ) 1 u2(pin (Z; 9(Y)): X5 Y3 2Z) 3)
Uz2(Pout (Z; 9(Y)); X; Y5 Z) 1 pout (F(X); 9(Y)) (4)

This example shows why rules of TRSs may only be instantiatedvith constructor

terms (Modi cation (i)). The reason is that local variables like Z (i.e., variables
occurring in the body but not in the head of a clause) give riseo rules " ! r where
V(r) 6 V() (cf. Rule (2)). Such rules are never terminating in standard term

rewriting. However, in our setting one may only instantiate Z with constructor

terms. So in contrast to the old transformation in Example 1.2, now all terms
pin (t1;t2) terminate for the TRS if t; is nite, since now the second argument
of pin prevents an in nite application of Rule (2). Indeed, constructor rewriting

correctly simulates the behavior of logic programs, since he variables in a logic
program are only instantiated by \constructor terms".

For the non-well-moded program of Example 1.3, one obtains aimilar TRS
where g(Y) is replaced by g(W) in the right-hand side of Rule (3) and the left-
hand side of Rule (4). Again, all terms pi, (t1;t2) are terminating for this TRS
provided that t; is nite. Thus, we can now handle programs where the classi-
cal transformation of [Arts and Zantema 1995; Chtourou and Rusinowitch 1993;
Ganzinger and Waldmann 1993; Ohlebusch 2001] failed, cf. Gds (A) and (B) in
Section 1.2.

Derivations in logic programming use uni cation , while rewriting is de ned by
matching. Example 3.3 shows that to simulate uni cation by matching, we have to
consider substitutions with in nite and even non-rational terms (Modi cation (ii)).

Example 3.3. Let P be orderedcongX; congs(X ); XS))) :{ orderedcongs(X); XS)).
If one only considers rewriting with nite or rational terms , then the transformed
TRS Rp is terminating. However, the query orderedYS) is not terminating for P.
Thus, to obtain a sound approach,Rp must also be non-terminating. Indeed, the
term t = orderegh (congX; congs(X); congs*(X); ::3)))) is non-terminating with
Rp's rule orderegh (congX; congs(X);XS))) ! u(ordereg, (congs(X); XS)); X;
XS). The non-rational term t corresponds to the in nite derivation with the query
orderedqYS).

3.2 Soundness of the Transformation

We rst show an auxiliary lemma that is needed to prove the sowndness of the
transformation. It relates derivations with the logic prog ram P to rewrite sequences
with the TRS Rp.

Lemma 3.4 (Connecting P and Rp). Let P be a program, lett be terms from
Tt ( V), let p(t) "B, Q. If Q= 2, then pin () ! RZ Pout (t) . Otherwise, if
Qis\qg(w);:::", then pin (1) ! R’; r for a term r containing the subtermgpy (v).
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Automated Termination Proofs for Logic Programs by Term Rewiihg 11

Proof. Let p(t) = Qo "¢, ! ¢:n Qn = Qwith = q1::: 4. We use
induction on n. The base cas@ = 0 is trivial, since Q = p(t) and pi, (1) ! %P pin ().
Now let n 1. We rst regard the case Q; = 2 and n = 1. Then ¢; is a
fact p(s) and 1 is the mgu of p(t) and p(s). Note that such mgu's instantiate all
variables with constructor terms (as symbols of are constructors of Rp). We

obtain pin (t) 1= pPn (8 1! rRp Pout (8 1= Pout (t) 1 where = ;.

px(sx) 1 where 1 is the mgu of p(t) and p(s). There is ani with 1 [ k
such that for all j with 1 j i 1wehavep(s) o::f j 1~ E"; i 2. More-
over, if Q = 2 then we can chooseé = k and pi(§) o::: i 1 ",l‘; o 2. Oth-
erwise, if Q is \q(v);:::", then we can choosei such that pi(s) o::: i 1~ 'F‘,‘; .
gv);::: Here,n = ng+ i+ nj+1, o= 1, 1= 2! n+1, ..., and
i T ngtiien 142 tihongememel. S0 = glllog.

By the induction hypothesis we havep;, (§) o::: j ! R:i Piow (§) 0:i%
and thus alsop;, (5) ! RZ" Pi. (§) . Moreover, if Q = 2 then we also have
pi, (8) ! R’F‘,‘ Pi.. (8) wherei = k. Otherwise, if Q is \g(¥);:::", then the
induction hypothesis implies p;,, (5) ! R’F‘,‘ r% wherer© contains g, (¥). Thus

pn () = pn(8) ! Rre Uc,;1(P1,y (81)5V(9)

Ryl Uc,;1(P1on (81)5 V(9))
' Rp Ue,;2(P2,, (%) V(9 [V (s1))
Ry Uc,;2(P2qn (%2):V(9) [V (81))

P N
Ll e (i (8) VIV (s [ [V (s 1)
Moreover, if Q = 2, then i = k and the rewrite sequence yieldgoy: (t) , since

Ueyi (Pi (8 V[ 1i[V (8 1) ! Ry Uei (Piow (8 VL ::[V (5 1))
"Re Pout(8®) = Pout(t):

Otherwise, if Q is \q(v);:::", then rewriting yields a term containing gn (v):

Ueyi (Piny 8V [ i [V (8 1)) ! gl Uei(rFGV(9 [ [V (s 1) ) O

For the soundness proof, we need another lemma which statebat we can restrict
ourselves to non-terminating queries which only consist o single atom.

Lemma 3.5 (Non-Terminating Queries). Let P be a logic program. Then
for every in nite derivation Qg " p Q1 " p :::, there is a Q; of the form \q(v);:::"
with i > 0 such that the queryq(v) is also non-terminating.

Proof. Assume that for all i > 0, the rst atom in Q; does not have an in nite
derivation. Then for each Q; there are two cases: either the rst atom fails or
it can successfully be proved. In the former case, there is nt nite reduction
from Q; which contradicts the in niteness of the derivation from Qq. Thus for all
i > 0, the rst atom of Q; is successfully proved inn; steps during the derivation
Qo “p Q1 p ::: Let m be the number of atoms inQ;. But then Qi+n,+::+n, IS
the empty query 2 which again contradicts the in niteness of the derivation. [

We useargument lters to characterize the classes of queries whose termination
we want to analyze. Related de nitions can be found in, e.g.[Arts and Giesl 2000;
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Leuschel and S rensen 1996].

De nition 3.6 (Argument Filter) . A function : | I 2N is an argument
Iter  over a signature( ;) ifand onlyif (f=n) f 1;:::;ng for everyf=n 2
[ . We extend toterms and atoms by de ning (x) = x if x is a variable and

(F(te;intn)) = £ ()i (G )it (f=n) = fiq;:iikgwith ig <1 <ig.
Here, the new terms and atoms are from the lItered signature ( ; ) where
f=n 2 implies f=k 2 and likewise for . For a logic program P we write

(p; p)insteadof (( p) ;( p) ). ForanyTRSR,wedene (R)=f (°)!
(r)j>! r 2Rg. The set of all argument lters over a signature ( ; ) is denoted
by AF ( ;). We write AF () instead of AF ( ;?)and speak of an argument lIter
\over ". We also write () instead of (f=n) if the arity of f is clear from the

context.
An argument Iter Cis are nement of a lter if and only if 9(f) (f) for
allf 2 [

Argument Iters specify those positions which have to be ingantiated with nite
ground terms. Then, we analyze termination of all queriesQ where (Q) is a
(nite) ground atom. In Example 1.1, we wanted to prove termination for all
queriesp(ty;ty) where ty is nite and ground. These queries are described by the
Iter (h)= flgforall h2fp;f;gg. Thus, we have (p(ti1;t2)) = p( (t1)).

Note that argument Iters also operate on function instead of just predicate
symbols. Therefore, they can describe more sophisticatedasses of queries than
the classical approach of [Arts and Zantema 1995; Chtourou ad Rusinowitch 1993;
Ganzinger and Waldmann 1993; Ohlebusch 2001] which only disguishes between
input and output positions of predicates. For example, if ore wants to analyze all
gueriesappendt;ts; t3) wheret; is a nite list, one would use the lter (append =
flgand ()= f2g, where\ " is the list constructor (i.e., (X;L) =[X]jL]). Of
course, our method can easily prove that all these queries arterminating for the
program of Example 1.4.

Now we show the soundness theorem: to prove termination of bfjueriesQ where
(Q) is a nite ground atom, it su ces to show termination of allt hose termspj, (t)
for the TRS Rp where (pi, (1)) is a nite ground term and where t only contains
function symbols from the logic programP. Here, has to be extended to the new

function symbols p, by dening (pn) = (p).

Theorem 3.7 (Soundness of the Transformation). Let P be a logic pro-
gram and let be an argument lter over ( ;) . We extend such that (pi)=

(p) forallp2 . LetS=fpn()jp2 ;t2T (;V); (Pn()2T( p)o
If all terms s 2 S are terminating for Rp, then all queriesQ 2 A™ ( ; ;V) with
(Q)2A( ; ) are terminating for P.%

Proof. Assume that there is a non-terminating queryp(t) as above withp(t) ~ p
Q1 p Q2 p ::: By Lemma 3.5 there is aniy > 0 with Q;, = qu(v1);::: and an
in nite derivation () “p QY “p QY% “p ::: From p(t) ° B, q(vi);::: and
Lemma 3.4 we getpin (t) o! Ripl r1, wherer, contains the subterm oy, (v1).

51t is currently open whether the converse holds as well. For a  short discussion see Section 7.2.
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By Lemma 3.5 again, there is ani; > 0 with QioZ = p(w2);::: and an in nite
derivation cp(¥,) “p Q%" p ::: From cu() "¢ | G(¥%);::: and Lemma 3.4 we
getpn(t) o 1! R'Pl ry 1! R'PZ ro; wherer, contains the subterm gu,, (¥-).

Continuing this reasoning we obtain an in nite sequence o; 1;::: of substitu-
tions. For eachj 0,let j = .+ ::: result from the in nite composition of
these substitutions® Sincer; ; is aninstance ofr; j::: , foralln j, we obtain
that pi, (t) o is non-terminating for Rp:

) i1 i2 i3 ...
Pn(t) o! gy M1 1! g2T2 2! g1

As (p(t) 2 A( ; )andthus (pn(®) = (Pn( o) 2 T( p ), thisis a
contradiction. O

4. TERMINATION OF INFINITARY CONSTRUCTOR REWRITING

One of the most powerful methods for automated termination analysis of rewriting
is the dependency pair(DP) method [Arts and Giesl 2000] which is implemented
in most current termination tools for TRSs. However, since the DP method only
proves termination of term rewriting with nite terms, its use is not sound in
our setting. Nevertheless, we now show that only very slightmodi cations are
required to adapt dependency pairs from ordinary rewritingto in nitary constructor
rewriting. So any rewriting tool implementing dependency pairs can easily be
modi ed in order to prove termination of in nitary construc tor rewriting as well.
Then, it can also analyze termination of logic programs usig the transformation
of De nition 3.1.

Moreover, dependency pairs are a general framework that perits the integration
of any termination technique for TRSs [Giesl et al. 2005, Thm. 36]. Therefore,
instead of adapting each technique separately, it is su cient only to adapt the DP
framework to in nitary constructor rewriting. Then, any termination technique
can be directly used for in nitary constructor rewriting. | n Section 4.1, we adapt
the notions and the main termination criterion of the dependency pair method to
in nitary constructor rewriting and in Section 4.2 we show h ow to automate this
criterion by adapting the \DP processors" of the DP framework.

4.1 Dependency Pairs for In nitary Rewriting

Let R be a TRS. For each de ned symbolf=n 2 p, we extend the set of con-
structors ¢ by a fresh tuple symbol f1=n. We often write F instead of f!. For

6The composition of innitely many substitutions o; 1;::: is de ned as follows. The de nition
ensures that t o 1::: is an instance of t og::: p for all terms (or atoms) t and all n 0. It
su ces to de ne the symbols at the positions of t o 1::: for any term t. Obviously, pos is a
position of t ¢ 1:::1 posis apositionof t g::: n forsomen 0. We de ne that the symbol
oft o 1::: at such a position posisf 2 i f is at position posint g::: m forsomem 0.
Otherwise, (t 0::: n)jpos = X0 2 V. Let n = ig <i1 <::: be the maximal ( nite or in nite)
sequence with ij+1 (Xj) = 0= i 1(Xj) = X; and i (Xj) = Xj4 forall j. We
require X; 6 Xj+1, but permit Xj = Xjo otherwise. If this sequence is nite (i.e., it has the
form n = ig <:::<i m), then we dene (t o 1:::)jpos = Xm. Otherwise, the substitutions

perform in nitely many variable renamings. In this case, we use one special variable Z; and
dene (t o 1::)jpos = Z1 . Soif o(X) =Y, 1(Y)= X, 2(X)=Y, 3(Y)= X, etc,, we
dene X o 1:::=Y ¢ 1:::= 21 .
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t= gt with g2 p, let t! denoteg! (t).

De nition 4.1 (Dependency Pair [Arts and Giesl 2000]) The set ofdependency
pairs fora TRSR isDP(R) = f1 1 t1j>1 r 2 R;tis a subterm ofr,
root(t) 2 pag.

Example 4.2. Consider again the logic program of Example 1.1 which was tras-
formed into the following TRS R in Example 3.2.

Pin (X5 X )1 pout (X5 X)) 1)

Pin (F(X);9(Y)) ! ua(pin (F(X);1(2)): X5 Y) 2)

Uz (Pout (F(X);(2)); X3 Y ) ! ua(pin (Z; 9(Y)): X;Y;Z) 3)

Uz2(Pout (Z; 9(Y)); XY Z) 1 pout (F(X); 9(Y)) (4)

For this TRS R, we have p = fpjy;ui;uxg and DP (R) is

Pin (F(X);9(Y)) ! Pin (f(X);1(2)) (5)

Pin (F(X);9(Y)) ! Us(pin (F(X);1(2)); X;Y) (6)

U1(pout (F(X): F(Z)); X;Y ) 1 Pin (Z; 9(Y)) (7)

U1 (Pout (F(X); £(Z)); X5Y ) 1 Ua(pin (Z; 9(Y)); XY Z) (8)

While De nition 4.1 is from [Arts and Giesl 2000], all follow ing de nitions and
theorems are new. They extend existing concepts from ording to in nitary con-
structor rewriting.

For termination, one tries to prove that there are no in nite chains of dependency
pairs. Intuitively, a dependency pair corresponds to a funtion call and a chain rep-
resents a possible sequence of calls that can occur duringwsting. De nition 4.3
extends the notion of chains to in nitary constructor rewri ting. To this end, we
use an argument lter that describes which arguments of function symbols have
to be nite terms. So if does not delete arguments (i.e., if (f)= f1;:::;ng for
all f=n), then this corresponds to ordinary ( nitary) constructor rewriting and if

deletes all arguments (i.e., if (f) = ? for all f), then this corresponds to full
in nitary constructor rewriting. In De nition 4.3, the TRS D usually stands for a
set of dependency pairs. (Note that ifR is a TRS, then DP (R) is also a TRS.)

De nition 4.3 (Chain). Let D;R be TRSs and be an argument Iter. A (pos-
sibly in nite) sequence of pairss;! t1;s;! to;:::from D isa (D;R; )-chain i

for all i 1, there are substitutions ; : V! T 1 ( ¢;V) such that t; ; ! R

Si+1 i+1, and

foralli 1,wehave (si i); (ti i) 2T ( ). Moreover, if the rewrite sequence
from t; ; to Sj+1 j+1 has the formt; { = ! r :::! R On = Si+1 i+1, then

for all terms in this rewrite sequence we have (q);:::; (gn) 2T ( ) as well.

So all terms in the sequence have nite ground terms on those @sitions which
are not Itered away by

In Example 4.2, \(6), (7)" is a chain for any argument lter : if one instantiates
X and Z with the same nite ground term, then (6)'s instantiated rig ht-hand side
rewrites to an instance of (7)'s left-hand side. Note that if one uses an argument
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Iter  which permits an instantiation of X and Z with the in nite term  f(f(:::)),
then there is also an in nite chain \(6), (7), (6), (7), ..."

In order to prove termination of a program P, by Theorem 3.7 we have to show
that all terms pj, (t) are terminating for Rp whenever (pin (t)) is a nite ground
term and t only contains function symbols from the logic program (i.e, t contains no
de ned symbols of the TRSRp). Theorem 4.4 states that one can prove absence of
innite ( DP (Rp);Rp; 9-chains instead. Here, %is a Iter which lters away \at
least as much" as . However, °has to be chosen in such a way that the lItered
TRSs YDP (Rp)) and 9Rp) satisfy the \variable condition”, i.e., V( r))
V() forall ! r2DP(Rp)[R p. Then the lter ©°detects all potentially
in nite subterms in rewrite sequences (i.e., all subterms vhich correspond to \non-
uni cation-free parts" of P, i.e., to non-ground subterms when \executing" the
program P).

Theorem 4.4 (Proving Infinitary Termination). Let R be a TRS over
and let be an argument Iter over . We extend to tuple symbols such that
(F)= (f)forallf2 p.Let 9bearenementof suchthat YDP (R)) and
YR) satisfy the variable condition/ If there is no in nite (DP (R);R; 9-chain,
then all terms f (t) with t2 T ( ¢;V) and (f(t) 2 T( ) are terminating for

R.

Proof. Assume there is a non-terminating termf (t) as above. Sincet does
not contain de ned symbols, the rst rewrite step in the inn ite sequence is on
the root position with arule ~ = f() ! r where™ ; = f (t). Since ; does not
introduce de ned symbols, all de ned symbols ofr ; occur on positions ofr. So
there is a subtermr© of r with de ned root such that r° ; is also non-terminating.
Let r° denote the smallest such subterm (i.e., for all proper subtems r% of r©,
the term r ; is terminating). Then 11 r9 is the rst dependency pair of the
in nite chain that we construct. Note that (1) and thus, (! 1) and hence,
also {1 1) = 9YF(D) is a nite ground term by assumption. Moreover, as
‘11 r9 2 DP(R) and as YDP (R)) satis es the variable condition, r? ;) is
nite and ground as well.

The in nite sequence continues by rewriting r° 1's proper subterms repeatedly.
During this rewriting, the left-hand sides of rules are instantiated by constructor
substitutions (i.e., substitutions with range T ( ¢;V)). As YR) satis es the
variable condition, the terms remain nite and ground when applying the Iter

% Finally, a root rewrite step is performed again. Repeatingthis construction
in nitely many times results in an in nite chain. O

The following corollary combines Theorem 3.7 and Theorem 4L. It describes
how we use the DP method for proving termination of logic progams.

7To see why the variable condition is needed in Theorem 4.4, le t R = fg(X) ! f(X);f(s(X)) !
f(X)gand = Owhere Yg) = 2?2, Af)= 9UF) = 9s) = flg. R's rst rule violates the
variable condition: V( 9f(X))) = fXg6 V( Yg(X)) = ?. There is no innite chain, since °
does not allow us to instantiate the variable X in the dependency pair F(s(X)) ! F(X) by an
in nite term. Nevertheless, there is a non-terminating ter ~ m g(s(s(: ::))) which is Itered to a nite
ground term  Yg(s(s(:::))) = g.
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Corollary 4.5 (Termination of Logic Prog. by Dependency Pairs ).
Let P be a logic program and let be an argument Iter over ( ;) . We extend

to p and to tuple symbols such that (pin)= (Pin)= (p) forall p2 . For
all other symbolsf=n that are not from or , we dene (f=n)= f1;:::;ng.
Let %be are nement of such that YDP (Rp)) and YRp) satisfy the variable
condition. If there is no innite (DP (Rp);Rp; 9-chain, then all queriesQ 2
At V) with (Q)2A( ; ) are terminating for P.

Example 4.6. We want to prove termination of Example 1.1 for all queries Q
where (Q) is nite and ground for the lter (h) = flgfor all h 2 f p;f;gg. By
Corollary 4.5, it su ces to show absence of in nite (DP (R);R; 9-chains. Here,

Example 4.2. The Iter 0 has to satisfy 9h) (h) = fi1g for h 2 ff;gg and
moreover, Ypin) and YPj,) must be subsets of (pn) = (Pin)= (p)= fig.
Moreover, we have to choose °such that the variable condition is ful lled. So while

is always given, °has to be determined automatically. Of course, there are ol
nitely many possibilities for % In particular, de ning  %h) = ? for all symbols
h is always possible. But to obtain a successful termination pof afterwards, one
should try to generate Iters where the sets %h) are as large as possible, since such
Iters provide more information about the niteness of argu ments. We will present
suitable heuristics for nding such Iters %in Section 5. In our example, we use
Apn) = APin) = AH = X9 = flg, Apow) = Aw) = AU1) = f1;2g,
and Yuy) = YU,) = f1;2;4g. For the non-well-moded Example 1.3 we choose
%g) = ? instead to satisfy the variable condition.

So to automate the criterion of Corollary 4.5, we have to tacke two problems:

(I) We start with a given lter which describes the set of queries whose termina-
tion should be proved. Then we have to nd a suitable argument lter  © that
re nes in such a way that the variable condition of Theorem 4.4 is fullled and
that the termination proof is \likely to succeed". This prob lem will be discussed
in Section 5.

(Il) For the chosen argument lter © we have to prove that there is no in nite
(DP (Rp);Rp; 9-chain. We show how to do this in the following subsection.

4.2 Automation by Adapting the DP Framework

Now we show how to prove absence of in nite DP (R); R; )-chains automatically.
To this end, we adapt the DP framework of [Giesl et al. 2005] to in nitary rewriting.
In this framework, we now consider arbitrary DP problems (D;R; ) where D and
R are TRSs and is an argument lIter. Our goal is to show that there is no in ni te
(D;R; )-chain. In this case, we call the problem nite . Termination techniques
should now be formulated asDP processorswhich operate on DP problems instead
of TRSs. A DP processorProc takes a DP problem as input and returns a new
set of DP problems which then have to be solved instead.Proc is sound if for
all DP problems d, d is nite whenever all DP problems in Proc(d) are nite. So
termination proofs start with the initial DP problem ( DP (R);R; ). Then this
problem is transformed repeatedly by sound DP processors fthe nal processors
return empty sets of DP problems, then termination is proved
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In Theorem 4.9, 4.11, and 4.13 we will recapitulate three of he most important
existing DP processors [Giesl et al. 2005] and describe howéy must be modi ed
for in nitary constructor rewriting. To this end, they now a Iso have to take the
argument lter  into account. The rst processor uses anestimated dependency
graph to estimate which dependency pairs can follow each other inhains.

De nition 4.7 (Estimated Dependency Graph) Let (D;R; ) be a DP problem.
The nodes of theestimated (D; R; )-dependency graptare the pairs ofD and there
isanarc froms! ttou! vi CAP(t) and a variant u® of u unify with an mgu

where (CAP(t) )= (u®)is a nite term. Here, CAP (t) replaces all subterms
of t with de ned root symbol by di erent fresh variables.

Example 4.8. For the DP problem (DP (R);R; 9 from Example 4.6 we obtain:

For example, there is an arc(6) ! (7), as CAP (Ui(pin (f(X);f(2));X;Y)) =
U1(V; X;Y) unies with Ug(pout (F(X9;f(Z9); X% Y9 by instantiating the argu-
ments of U; with nite terms. But there are no arcs (5)! (5) or (5)! (6), since
Pin (f(X);f(2)) and Pi, (f(X9;0(Y9) do not unify, even if one instantiates Z and
Y % by in nite terms (as permitted by the Iter  P;,) = f1g).

Note that Iters are used to detect potentially in nite arguments, but these ar-
guments are notremoved since they can still be useful in the termination proof. In
Example 4.8, they are needed to determine that (5) has no outging arcs.

If st ttu! visa (D;R; )-chain then there is an arc froms! ttou! v
in the estimated dependency graph. Thus, absence of in nitechains can be proved
separately for each maximal strongly connected component§JCC) of the graph.
This observation is used by the following processor to modualrize termination proofs
by decomposing a DP problem into sub-problems. If there aren SCCs in the graph

and if D; are the dependency pairs of tha-th SCC (for 1 i n), then one can
decompose the set of dependency paif3 into the subsetsDj;:::; Dy
Theorem 4.9 (Dependency Graph Processor). For a DP problem (D; R;

), let Proc return f(D1;R; );:::;(Dn;R; )g where Dq;:::;D, are the sets of
nodes of the SCCs in the estimated dependency graph. Then Br&s sound.

Proof. We provethatif s! t;u! visachain, thenthereisanarcfroms! t
to u! v in the estimated dependency graph. This su ces for Theorem 49, since
then every in nite ( D; R; )-chain corresponds to an in nite path in the graph. This
path ends in an SCC with nodesD; and thus, there is also an in nite (D;;R; )-
chain. Hence, if all O;;R; ) are nite DP problems, then so is (D;R; ).

Lets! tu! vbea(@;R; )-chain, ie,t ;1! g u , for some constructor
substitutions 1; » where (t 1) and (u ) are nite. Let pos;;:::;pos, be the
top positions wheret has de ned symbols. ThenCAP (t) = t[Y1]pos, :::[Yn]pos,
for fresh variablesY; . Moreover, let the variant u® result from u by replacing every
X 2 V(u) by a fresh variable X . Thus, the substitution ~ with (X9 = ,(X)
for all X 2V(u), (X)= 1(X)forall X 2V(t), and (Yj) = U 2jps, UnNies
CAP (1) and u®. So there is also an mgu where = for some substitution
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Moreover, since (u )= (u®)is nite, the term (u® )is nite, too. Hence, by
De nition 4.7 there is indeed an arc froms! ttou! v. O

Example 4.10. In Example 4.8, the only SCC consists of (6) and (7). Thus, the
dependency graph processor transforms the initial DP prot#m (DP (R);R; 9 into
(f(6);(7)g;R; 9, i.e., it deletes the dependency pairs (5) and (8).

The next processor is based oreduction pairs (%; )where%and are relations
on nite terms. Here, % is re exive, transitive, monotonic (i.e., s % t implies
f(:irs:i) %f(:::t:::) for all function symbols f), and stable (i.e., s %t implies
s %t for all substitutions ) and s a stable well-founded order compatible
with % (i.e., % or % ). There are many techniques to search
for such relations automatically (recursive path orders, plynomial interpretations,
etc. [Dershowitz 1987]).

For a DP problem (D;R; ), we now try to nd a reduction pair ( %; ) such that
all ltered R-rules are weakly decreasing (w.r.t.%) and all ltered D-dependency
pairs are weakly or strictly decreasing (w.r.t. %o or ).®2 Requiring (') % (r) for
all *! r 2R ensures that in chainssy ! ty;s; ! tp;iiiwith ti i ! g Siv1 i+
as in De nition 4.3, we have (ti i) % (si+1 i+1 ). Hence, if a reduction pair
satis es the above conditions, then the strictly decreasiny dependency pairs (i.e.,
thoses! t2D where (s) (t)) cannot occur in nitely often in chains. So the
following processor deletes these pairs fror®. For any TRS D and any relation
letD =fs! t2Dj (s (t)o.

Theorem 4.11 (Reduction Pair Processor). Let (%; ) be a reduction
pair. Then the following DP processor Proc is sound. For(D;R; ), Proc returns

f(DnD ;R; )g,if D [Dyg =DandRyg =R
f (D;R; )g, otherwise

Proof. We prove this theorem by contradiction, i.e., we assume that(D;R; )
is in nite and then proceed to show that (DnD ;R; ) has to be in nite, too.

From the assumption that (D;R; ) is in nite, we know that there is an in nite
(D;R; )-chain sy ! ty;8 ! to;iiiwith tj ! g Siv1 j+1. FoOr any term t we
have (t )= (t) ( )where ( )(xX)= ( (x)) forall x 2V. So by stability of
and%, D [D o = D implies

(sii)= (si) (i) % () ()= (ti i) 9)
Note that (s; i) and (tj ;) are nite. Thus, comparing them with % is possible.
Similarly, by the observation (t )= (t) ( ) we also getthatt; ; ! g Si+1 i+1

implies  (tj i) ! (R) (si+1 i+1)- As Ry = R means that (R)'s rules are de-
creasing w.r.t. %, by monotonicity and stability of % we get (tj i) % (Si+1 i+1)-
With (9), this implies  (s1 1) % (t1 1) % (s2 2) % (t2 2) %::: As is com-
patible with % and well founded, (s; i) (ti ;) only holds for nitely many i.
Sosj ! tj;Si+1 ! tjsr;iitisaninnite (DnD ;R; ) chain for somej and thus,
the DP problem (DnD ;R; )isinnite. O

8We only consider lItered rules and dependency pairs. Thus, % and  are only used to compare
those parts of terms which remain nite for all instantiations in chains.
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Example 4.12. For the DP problem (f (6);(7)g;R; 9 in Example 4.10, one can
easily nd a reduction pair® where the dependency pair (7) is strictly decreasing

and where (6) and all rules are weakly decreasing after appigyg the lter ©
Pin (f(X)) % Ui(pin (f(X));X) Pin (X) % Pout (X; X)
U1 (Pout (F(X); £(2)): X)) Pin (2) Pin (F(X)) % u1(pin (F(X));X)

Uz (Pout (F(X);1(2)); X) % uz2(pin (2);X;2)
Uz2(Pout (Z; 9(Y)); X;Z) % pou (F(X); 9(Y))

Thus, the reduction pair processor can remove (7) from the DPproblem which
results in (f(6)g;R; 9. By applying the dependency graph processor again, one
obtains the empty set of DP problems, since now the estimatediependency graph
only has the node (6) and no arcs. This proves that the initial DP problem
(DP (R);R; 9 from Example 4.6 is nite and thus, the logic program from Ex-
ample 1.1 terminates for all queriesQ where (Q) is nite and ground. Note that
termination of the non-well-moded program from Example 1.3can be shown anal-
ogously since niteness of the initial DP problem can be proed in the same way.
The only di erence is that we obtain g instead ofg(Y) in the last inequality above.

As in Theorem 4.9 and 4.11, many other existing DP processof$iesl et al. 2005]
can easily be adapted to in nitary constructor rewriting as well. Finally, one can
also use the following processor to transform a DP problem; R; ) for in nitary
constructor rewriting into a DP problem ( (D); (R);id) for ordinary rewriting.
Afterwards, any existing DP processor forordinary rewriting becomes applicable!®
Since any termination technique for TRSs can immediately beformulated as a DP
processor [Giesl et al. 2005, Thm. 36], now any terminatione@chnique for ordinary
rewriting can be directly used for in nitary constructor re writing as well.

Theorem 4.13 (Argument Filter Processor). Let Proc((D;R; )) =

Proof. If s3! t1;s,! ty;:::is aninnite ( D;R; )-chain with the substitu-
tions | as in Denition 4.3, then (s1) ! (t1); (s2) ! (t2);:::is an innite
( (D); (R);id)-chain with the substitutions ( ;). The reason is thatt; ; ! 5

Si+1 i+1 implies (ti) ()= (ti i)! (R) (Si+1 i+1) = (Si+a) ( i+1). More-
over, by De nition 4.3, all terms in the rewrite sequence (t; ;) ! (R) (Si+1 i+1)
are nite. O

5. REFINING THE ARGUMENT FILTER

In Section 3 we introduced a new transformation from logic ppgramsP to TRSs Rp
and showed that to prove the termination of a class of queriesor P, it is su cient
to analyze the termination behavior of Rp. Our criterion to prove termination of
logic programs was summarized in Corollary 4.5.

9For example, one can use the polynomial interpretation  jPin (t1)j = jpin (t1)j = jU1(t1;t2)j =
jur(ti;t2)j = juz(ti;te;ta)j = jtaj, jpout (t1;t2)j = jtzj, jf(t1)j = jt1j +1, and jg(t1)j = 0.

10if (D;R; ) results from the transformation of a logic program, then fo r ( (D); (R);id) itis
even sound to apply the existing DP processors for innermost rewriting [Giesl et al. 2005; Giesl
et al. 2006]. These processors are usually more powerful tha n those for ordinary rewriting. The
framework presented in [Giesl et al. 2005] even supports con structor rewriting.

ACM Transactions on Computational Logic, Vol. V, No. N, 20YY



20 P. Schneider-Kamp, J. Giesl, A. Serebrenik, R. Thiemann

The transformation itself is trivial to automate and as shown in Section 4, existing
systems implementing the DP method can easily be adapted to qove termination
of in nitary constructor rewriting. The missing part in the automation is the gen-
eration of a suitable argument lter from the user input, cf. Task (I) at the end
of Section 4.1. After presenting the general algorithm to rene argument lters in
Section 5.1, we introduce suitable heuristics in Sections.2 and 5.3. Finally, we
extend the general algorithm for the re nement of argument lters by integrating
a mode analysis based on argument Iters in Section 5.4. Thisllows us to handle
logic programs where a predicate is used with several di enet modes (i.e., where
di erent occurrences of the same predicate have di erent irput and output posi-
tions). The usefulness of the di erent heuristics from Sectons 5.2 and 5.3 and the
power of our extension in Section 5.4 will be evaluated empically in Section 7.

5.1 Re nement Algorithm for Argument Filters

In our approach of Corollary 4.5, the user supplies an initid argument Iter to
describe the set of queries whose termination should be pred. There are two
issues with this approach. First, while argument Iters provide the user with a
more expressive tool to characterize classes of queries,r@nation problems are
often rather posed in the form of a moding function for compatbility reasons.
Fortunately, it is straightforward to extract an appropria te initial argument Iter
from such a moding functionm: we dene (p) = fi jm(p;i)= ingforall p2

Second, and less trivially, the variable conditionV( (r)) V ( (7)) for all rules
"1 r2DP(Rp)[R p does not necessarily hold for the argument lter . Thus,
arenement °of must be found such that the variable condition holds for °.
Then, our method from Corollary 4.5 can be applied.

Unfortunately, there are often many re nements °of a given Iter  such that
the variable condition holds. The right choice of Cis crucial for the success of the
termination analysis. As already mentioned in Example 4.6,the argument lIter
that simply Iters away all arguments of all function symbol s in the TRS, i.e., that
has qf)= ? forall f 2 5, is arenement of every argument Iter  and it
obviously satis es the variable condition. But of course, amly termination of trivial
logic programs can be shown when using this re nement °.

Example 5.1. We consider the logic program of Example 1.1. As shown in Ex-
ample 3.2, the following rule results (among others) from tle translation of the
logic program.

Pin (FCX);9(Y)) ' us(pin (F(X);1(2)); X5 Y) )

Suppose that we want to prove termination of all queriesp(ty;t2) where botht; and
to are (nite) ground terms. This corresponds to the moding m(p; 1) = m(p;2) =
in, i.e., to the initial argument Iter with  (p) = f1;2g.

In Corollary 4.5, we extend to pin» and Py, by de ning it to be f1;2g as well.
In order to prove termination, we now have to nd a re nement °of such that

YDP (Rp)) and YRp) satisfy the variable condition and such that there is no
innite (DP (Rp);Rp; 9-chain.

Letus rsttrytodene 9= . Then ©does not lter away any arguments.
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Thus, Ypin) = f1;29, Yu;) = £1;2;3g, and %f) = 9g) = flg. But then
clearly, the variable condition does not hold asZ occurs in qr) but notin ) if
“ I ris Rule (2) above.

So we have to choose a di erent re nement % There remain three choices how
we canrene to Cinorderto Iter away the variable Z in the right-hand side of
Rule (2): we can lter away the rst argument of f by de ning 9f) = ?, we can
Iter away pin's second argument by de ning (pin ) = flg, or we can Iter away
the rst argument of u; by dening (uy) = f2;3g.

The decision which of the three choices above should be takenust be done by a
suitable heuristic. The following de nition gives a formalization for such heuristics.
Here we assume that the choice only depends on the termcontaining a variable
that leads to a violation of the variable condition and on the position pos of the
variable. Then are nement heuristic is a function such that (t; pos) returns a

away the i-th argument of f would erase the positionpos in the term t. For
instance, if t is the right-hand side uy (pin (f(X);f(Z)); X;Y ) of Rule (2) and pos is
the position of the variable Z in this term (i.e., pos = 121), then (t; pos) can be
either (f; 1), (pin ; 2), or (ug; 1).

De nition 5.2 (Re nement Heuristic) . A re nement heuristic is a mapping
T( p;V) N ! p N such that whenever (t; pos) = (f;i), then there is a
position pos® with pos’i being a pre x of pos and root(tjpeso) = f .

Given a TRS Rp resulting from the transformation of a logic program P and a
re nement heuristic , Algorithm 1 computes a re nement ° of a given argument
Iter such that the variable condition holds for DP (Rp) and Rp.

Input : argument Iter , re nement heuristic , TRS Rp
Output : re ned argument Iter %such that YDP (Rp)) and 9Rp) satisfy
the variable condition
1. 9=
2. Ifthereisarule”! r from DP(Rp)[R p
and a position pos with rjps 2 V( 4r)) nV( X)), then:
2.1. Let (f;i) be the result of (r; pos), i.e., (f;i):= (r; pos).
2.2. Modify °by removingi from 9f),i.e., %f):= %f)nfig.
For all other symbols from p, ©remains unchanged.
2.3. Go back to Step 2.

Algorithm 1 : General Re nement Algorithm

Termination of this algorithm is obvious as Rp is nite and each change of the
argument lter in Step 2.2 reduces the number of un ltered arguments. Note also
that (r; pos) is always de ned sincepos is never the top position". The reason is
that the TRS Rp is non-collapsing (i.e., it has no right-hand side consistig just of
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a variable). The algorithm is correct as it only terminates if the variable condition
holds for every dependency pair and every rule.

Note that if (F)= Yf) for every de ned function symbol f and if we do not
lter away the rst argument position of the function symbol sug;,i.e., 12 Yug;),
then the satisfaction of the variable condition for Rp implies that the variable
condition for DP (Rp) holds as well. Thus, for heuristics that guarantee the aboe
properties, we only have to consideiRp in the above algorithm.

5.2 Simple Re nement Heuristics

The following de nition introduces two simple possible re nement heuristics. If a
term t has a positionpos with a variable that violates the variable condition, then

these heuristics Iter away the respective argument positon of the innermost resp.
the outermost function symbol above the variable.

De nition 5.3 (Innermost/Outermost Re nement Heuristic) . Let t be a term
and let \ posi” resp. \i pos' be a position in t. The innermost re nement heuristic
im is de ned as follows:

im (t; posi) = (root( tjpos); i)
The outermost re nement heuristic oy, is de ned as follows:
om (t;1 pos) = (root( t);i)

So ift is again the term uy(pin (f(X);(Z)); X;Y ), then the innermost re nement
heuristic would result in i, (t; 121) = (f; 1) and the outermost re nement heuristic
gives om(t; 121) = (ug; 1).

Both heuristics de ned above are simple but problematic, asshown in Exam-
ple 5.4. Filtering the innermost function symbol often resuts in the removal of
an argument position that is relevant for termination of another rule. Filtering
the outermost function symbol excludes the possibility of ltering the arguments
of function symbols from the signature of the original logi c program. Moreover,
the outermost heuristic also often removes the rst argumen of some uc; -symbol.
Afterwards, a successful termination proof is hardly posdile anymore.

Example 5.4. Consider again the logic program of Example 1.1 which was tras-
formed into the following TRS in Example 3.2.

Pin (X3 X ) 1 Pout (X5 X1) (1)

Pin (F(X);9(Y)) ! ua(pin (F(X);1(2)): X5 Y) 2)

Uz (Pout (F(X);(2)); X5 Y ) 1 ua(pin (Z59(Y)): X Y5 Z) 3)
Uz2(Pout (Z; 9(Y)); X; Y5Z) 1 pout (F(X); 9(Y)) (4)

As shown in Example 4.2 we obtain the following dependency ges for the above
rules.

Pin (F(X);9(Y)) ! Pin (f(X);(2)) (5)
Pin (F(X);9(Y)) ! Ui(pin (F(X);(2)); X;Y) (6)
U1(pout (F(X); f(Z)); X; Y ) 1 Pin (Z; 9(Y)) (7)
Uz (Pout (F(X); £(2)): X;Y ) 1 Ua(pin (Z;9(Y)); XY Z) (8)
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As in Example 5.1 we want to prove termination of p(t;;t,) for all ground terms
t; and t,. Hence, we start with the argument lter  that does not Iter away
any arguments, i.e., (f=n) = f1;:::;;ngforall f 2 p. We will now illustrate
Algorithm 1 using our two heuristics.

Using the innermost re nement heuristic i, in the algorithm, for the second
DP (6) we get im (Ui(pin (F(X);f(Z)); X;Y );121) = (f;1). This requires us to
lter away the only argument of f, i.e., Yf) = ?. Now Z is contained in the
right-hand side of the third DP (7), but not in the ltered lef t-hand side anymore.
Thus, we now have to lter away the rst argument of Py, i.e., Pn) = f2g.
Due to the DP (6), we now also have to remove the second argumérX of Uy, i.e.,

%U,) = f1;3g. Consequently, we lose the information about niteness ofp's rst
argument and therefore cannot show termination of the progam anymore. More
precisely, there is an in nite (DP (Rp);Rp; 9-chain consisting of the dependency
pairs (6) and (7) using a substitution that instantiates the variables X and Z by
the in nite term f(f(;::)). This is indeed a chain since all in nite terms are Itered
away by the re ned argument Iter ° Hence, the termination proof fails.

Using the outermost re nement heuristic oy instead, for the second DP (6) we
get om (Ui(pin (F(X);£(Z2)); X;Y );121) = (Uy; 1), i.e., YU;) = f2;3g. Considering
the third DP (7) we have to Iter away the rst argumentof Pj,,i.e., (P ) = f2g.
Due to the DP (6), we now also have to remove the second argumémf U, i.e.,

%U;) = f3g. So we obtain the same in nite chain as above since we lose the
information about niteness of p's rst argument. Hence, we again cannot show
termination.

A slightly improved version of the outermost re nement heuristic can be achieved
by disallowing the ltering of the rst arguments of the symb ols uc; and Ug; .

De nition 5.5 (Improved Outermost Re nement Heuristic). Lett be aterm and
pos be a position int. The improved outermost re nement heuristic omo is de ned
as:

. omo(tji; pos) if i =1 and either root(t) = uc; or root(t) = Ug;
omo(t; i pos) = . )
(root(t);i) otherwise
Example 5.6. Reconsider Example 5.4. Using the improved outermost re ne
ment heuristic, for the second rule (2) we get omeo(ui(pin (F(X);f(Z)); X;Y );121) =
omo(Pin (F(X);1(Z));21) = (pin ; 2) requiring us to lter away the second argument
of pin, i.e., Ypin) = flg. Consequently, the algorithm Iters away the third
arguments of both u; and u,, i.e., Yui) = f1;2g and Yup) = f1;2;4g9. Now
the variable condition holds for Rp. Therefore, by dening Pin) = Ypin),
Qui) = YUyp),and Yup) = YU,), the variable condition also holds forDP (Rp).
(As mentioned at the end of Section 5.1, by Itering tuple symbols F in the same
way as the original symbolsf and by ensuring12 Yuc;), it su ces to check the
variable condition only for the rules Rp and not for the dependency pairsDP (Rp).)
This argument lter corresponds to the one chosen in Example4.6 and as shown
in Section 4.2 one can now easily prove termination.
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5.3 Type-Based Re nement Heuristic

The improved outermost heuristic from Section 5.2 only Iters symbols of the form
Pin » Pouts Pin, @and Poy . Therefore, the generated argument lters are similar to
modings. However, there are cases where one needs to lterriation symbols from
the original logic program, too. In this section we show how b obtain a more
powerful re nement heuristic using information from infer red types.

There are many approaches to (direct) termination analysisof logic programs
that use type information in order to guess suitable \norms" or \ranking functions",
e.g., [Bossi et al. 1992; Bruynooghe et al. 2007; Decorte et.a993; Martin et al.
1996]. In contrast to most of these approaches, we do not coimer typed logic
programs, but untyped ones and we use types only as a basis fa heuristic to
prove termination of the transformed TRS. To our knowledge, this is the rst time
that types are considered in the transformational approachto termination analysis
of logic programs.

Example 5.7. Now we regard the logic program from Example 1.3. The rules
after the transformation of De nition 3.1 are:

Pin G X )1 pout (X; X)) (1)

Pin (F(X);9(Y)) ! ua(pin (F(X);1(2)): X5 Y) 2)

Uz (Pout (F(X);F(2)); X5 Y ) I Ua(pin (Z; 9(W)); XY Z) (10)
Uz2(Pout (Z; 9(W)): X; Y3 Z) 1 pout (F(X); 9(Y)) (11)

Using the improved outermost re nement heuristic omo we start o as in Exam-
ple 5.6 and obtain Y(pin) = f1g, Yui) = f1;2g, and Yuy) = f1;2;4g. However,
due to the last rule (11) we now get omo(Pout (F(X); 9(Y));21) = (pout;2), i.e.,

Ypout) = f1g. Considering the third rule (10), we have to lter p;,, once more and
obtain Ypin) = ?. So we again lose the information about niteness ofp's rst
argument and cannot show termination. Similar to Example 54, the innermost
re nement heuristic which Iters away the only argument of f also fails for this
program.

So in the example above, neither the innermost nor the (impreed) outermost
re nement heuristic succeed. We therefore propose a betteheuristic which is
like the innermost re nement heuristic, but which avoids th e ltering of certain
arguments of original function symbols from the logic progam. Close inspection
of the cases where ltering such function symbols is requird reveals that it is not
advisable to Iter away \re exive" arguments. Here, we call an argument positioni
of a function symbol f re exive (or \recursive"), if the arguments on position i
have the same \type" as the whole termf (:::) itself, cf. [Walther 1994]. A type
assignment associates a predicateo=n with an n-tuple of types for its arguments
and, similarly, a function f=n with an (n+1)-tuple where the last element speci es
the result type of f.

De nition 5.8 (Types). Let be a set of types (i.e., a set of names). A type
assignment over a signature ( ; ) and a set of types is a mapping S

such that (p=n)2 " forall p=n2 and (f=n)2 "*! forall f=n 2 .

Let f=n 2 be a function symbol and be a type assignment with (f) =
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1,557 n; n+1)- Then the set of re exive positions of f=n is Re exive (f=n) =
fijl i nand = nha0.

To infer a suitable type assignment for a logic program, we us the following
simple algorithm. However, since we only use types as a heustic to nd suitable
argument lters, any other type assignment would also yield a correct method
for termination analysis. In other words, the choice of the ype assignment only
in uences the power of our method, not its soundness. So urite [Bruynooghe
et al. 2007], the correctness of our approach does not depermh the logic program
or the query being well-typed. More sophisticated type infeence algorithms were
presented in [Bruynooghe et al. 2005; Charatonik and Podelg 1998; Gallagher and
Puebla 2002; Janssens and Bruynooghe 1992; Lu 2000; Vaucheand Bueno 2002],
for example.

In our simple type inference algorithm, we de ne' as the re exive and transi-
tive closure of the following \similarity" relation on the a rgument positions: Two
argument positions of (possibly di erent) function or predicate symbols are \simi-
lar" if there exists a program clause such that the argument msitions are occupied
by identical variables. Moreover, if a term f (:::) occurs in the i-th position of a
function or predicate symbol p, then the argument position of f 's result is similar
to the i-th argument position of p. (For a function symbol f=n we also consider
the argument position n + 1 which stands for the result of the function.) After
having computed the relation' , we then use a type assignment which corresponds
to the equivalence classes imposed By . So our simple type inference algorithm is
related to sharing analysis [Bruynooghe et al. 1996; Cortésand Fie 1999; Lagoon
and Stuckey 2002], i.e., the program analysis that aims at decting program vari-
ables that in some program execution might be bound to terms hAving a common
variable.

Example 5.9. As an example, we compute a suitable type assignment for the
logic program from Example 1.3:

p(X; X ):

p(f(X);9(Y)) { p(f(X):f(2));p(Z; g(W)):
Let p; denote the i-th argument position of p, etc. Then due to the rst clause
we obtain p; ' p2, since both argument positions are occupied by the variablex .
Moreover, sinceZ occurs both in the rst argument positions of f and p in the
second clause, we also havp; ' f;. Finally, since an f-term occurs in the rst
and second argument ofp and since ag-term occurs in the second argument ofp
we also havef, ' p; ' pz and g, ' p2. In other words, the relation ' imposes
the two equivalence classe$py; pz;f1;f2; 929 and f g1g9. Hence, we compute a type
assignment with two types a and b where a and b correspond tof p1; p2; f1; f2; 920
and f g;g, respectively. Thus, the type assignmentis denedas (p)= (f)=(a;a)
and (g) =(b;a).

Note that the rst argument of f has the same typea as its result and hence, this
argument position is re exive. On the other hand, the rst ar gument of g has a
di erent type than its result and is therefore not re exive. Hence,Re exive (f) =
flg and Re exive (g)= ?.

Now we can de ne the following heuristic based on type assigments. It is like
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the innermost re nement heuristic of De nition 5.3, but now re exive arguments
of function symbols from (i.e., from the original logic pro gram) are not lItered
away.

De nition 5.10 (Type-based Re nement Heuristic). Let t be a term, let \ posi”
be a position int, and let be a type assignment. Thetype-based re nement
heuristic ,, is de ned as follows:

(root(tjpos); i) if root(tjpes) 2 or i 2 Reexive (root(tjpes))

w (t; posi) = & (t; pos) otherwise

Note that the heuristic ,, never lters away the rst argument of a symbol uc;
or Ug; from the TRSs DP (Rp) and Rp. Therefore, as mentioned at the end of
Section 5.1, we only have to check the variable condition fothe rules of Rp, but
not for the dependency pairs.

Example 5.11. We continue with the logic program from Example 1.3 and use
the type assignment computed in Example 5.9 above. The ruleafter the transfor-
mation of De nition 3.1 are the following, cf. Example 5.7.

Pin (XX )1 pout (X; X)) (1)

Pin (F(X);9(Y)) ! ur(pin (F(X);1(2)); X5 Y) 2

Uz (Pout (F(X);F(2)); XY ) 1 ua(pin (Z; 9(W)); XY Z) (10)
Uz2(Pout (Z; 9(W)): X; Y3 Z) 1 pout (F(X); 9(Y)) (11)

Due to the occurrence ofZ in the right-hand side of the second rule (2), we compute:

i (U (Pin (F(X);:1(2)); X;Y');121)
w (UL(pin (F(X);T(Z2)); X;Y );12) asf2 and 12 Reexive (f)
(pin;2) aspin 62

Thus, we Iter away the second argument ofpj, , i.e., Ypin ) = f1g. Consequently,
we obtain Yu;) = f1;2gand Yu,) = f1;2;4g.
Considering the fourth rule (11) we compute:

i (Pout (F(X);9(Y)); 21)
=(g1) as16Re exive (Q)

Thus, we lter away the only argument of g, i.e., %g) = ?. By ltering the
tuple symbols in the same way as the corresponding \lower-cge" symbols, now the
variable condition holds for Rp and therefore also forDP (Rp). Indeed, this is
the argument lter chosen in Example 4.6. With this Iter, on e can easily prove
termination of the program, cf. Section 4.2.

For the above example, it is su cient only to avoid the lteri ng of re exive
positions. However, in general one should also avoid the kring of all \unbounded"
argument positions. An argument position of type is \unbounded" if it may
contain subterms from a recursive data structure, i.e., if here exist in nitely many
terms of type . The decrease of the terms on such argument positions mighte
the reason for the termination of the program and therefore,they should not be
Itered away. To formalize the concept of unbounded argumen positions, we de ne
the set of constructors of a type to consist of all function symbols whose result
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has type . Then an argument position of a function symbolf is unboundedif it is
re exive or if it has a type  with a constructor that has an unbounded argument
position. For the sake of brevity, we also speak of justunbounded positionswhen
referring to unbounded argument positions.

De nition 5.12 (Unbounded Positions) Let 2 beatypeand be atype as-
signment. A function symbol f=n with (f=n)=( 1;:::; n; n+1) IS aconstructor
of i 41 = . Let Constructors ( ) be the set of all constructors of .

For a function symbol f=n as above, we de ne theset of unbounded positions
as the smallest set such thatRe exive (f=n) Unbounded (f=n) and such that
i 2 Unbounded (f=n) if there is a g=m2 Constructors ( j)andal | m with
j 2 Unbounded (g=m).

In the logic program from Examples 1.3 and 5.9, we had (p) = (f) =( a;a) and
(g) = (b;ad. Thus, Constructors (a) = ff;gg and Constructors (b) = ?. Since

the rst argument position of f is re exive, it is also unbounded. The rst argument
position of g is not unbounded, since it is not re exive and there is no consuctor
of type b with an unbounded argument position. So in this example, thee is no
di erence between re exive and unbounded positions.

However, we will show in Example 5.14 that there are programsvhere these two
notions di er. For that reason, we now improve our type-based re nement heuristic
and disallow the lItering of unbounded (instead of just re e xive) positions.

De nition 5.13 (Improved Type-based Re nement Heuristic). Let t be a term,
let \ posi" be a position in t, and let be a type assignment. Theimproved type-
based re nement heuristic . is de ned as follows:

. v _  (root(tjpes);i) if root(tjps) 2 or i 2 Unbounded (root(tjpoes))
wo(t; posi) = wo(t; pos)  otherwise

Example 5.14. The following logic program inverts an integer representedby a
sign (negor pog and by a natural number in Peano notation (using s and 0). So
the integer number 1 is represented by the termpogs(0)), the integer number 1
is represented byneds(0)), and the integer number 0 has the two representations
poq0) and neg0). Here nat(t) holds i t represents a natural number (i.e., ift is a
term containing just sand 0) and inv simply exchanges the function symbolsegand
pos The main predicate safeinvperforms the desired inversion wheresafeinyt;;t,)
only holds if t; really represents an integer number and is its inversion.

nat(0):

nat(s(X)) { nat(X):

inv(neg X ); pogX)):

inv(pogX); negX)):

safeingX; nedY)) { inv(X; neqY));nat(Y):
safeingX; pogY)) :{ inv(X; pogY));nat(Y):
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The rules after the transformation of De nition 3.1 are:

natn (0) ! natoy (0) (12)

natin (S(X)) ! ui(natin (X); X) (13)
ur(natout (X ); X) ! natout (S(X)) (14)

invip (negX); pogX)) ! invyy (negdX); pogX)) (15)
invip (pogX);neg X)) ! invyy (pogX); neg X)) (16)
safeiny, (X; negY)) ! ux(invin (X; neqY));X;Y) (17)
uz(invout (X; nedY)); X; Y ) I us(natis (Y); X;Y') (18)
uz(natout (Y); X;Y) ! safeingyt (X; neqY)) (19)
safeiny, (X; pogY)) ! ua(invin (X; pogY)); X;Y) (20)
Ua(invour (X; pogY)); X;Y ) I us(natin (Y); X;Y) (21)
Us(natour (Y); X;Y) I safeingy (X; pogY)) (22)

Let us assume that the user wants to prove termination of all qieriessafeinyt; t»)
where t; is ground. So we use the modingn(safeiny1) = in and m(safeiny2) =
out. Thus, as initial argument lter we have (safeiny = fi1g and hence

(safeiny, ) = (SAFEINV,, ) = f1g, while (f=n)= f1;:::;ngfor all f 2 f safeiny
safeiny, ; SAFEINV;, g. In Rule (17) one has to lter away the second argument of
invi, or the only argument of negin order to remove the \extra" variable Y on the
right-hand side. From a type inference for these rules we olatin the type assignment

with (s)=(b;h, (0)=(b),and (neg = (po9 =(b;ad. So\a"corresponds to
the type of integers and \b' corresponds to the type of naturals. The constructors
of the naturals are Constructors (b) = fs;0g. This is a recursive data structure
since s has an unbounded argument:1 2 Re exive (s) Unbounded (s). Thus,
while neds rst argument position of type bis not re exive, it is still unbounded,
i.e., 1 2 Unbounded (neg. Hence, our improved type-based heuristic decides to
Iter away the second argument of invi, (asinvi, is not from the original signature

). Now termination is easy to show.

If one had considered the original type-based heuristic ing®ad, then the non-
re exive rst argument of negwould be ltered away. Due to Rule (17), then also
the last argument of u, has to be removed by the lter. But then the variable Y
would not occur anymore in the ltered left-hand side of Rule (18). So to satisfy
the variable condition for Rule (18), we would have to Ilter away the only argument
of nat, . Similarly, the only argument of the corresponding tuple symbol NATj,
would also be Itered away, blocking any possibility for a successful termination
proof.

5.4 Mode Analysis based on Argument Filters and an Improved&mnent Algorithm

In logic programming, it is not unusual that a predicate is used with di erent modes
(i.e., that di erent occurrences of the predicate have dierent input and output
positions). Uniqueness of moding can then be achieved by caéng appropriate
copies of these predicate symbols and their clauses for eyedi erent moding.
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Example 5.15. Consider the following logic program for rotating a list taken
from [Codish 2007]. LetP be the appendprogram consisting of the clauses from
Example 1.4 and the new clause

rotate(N ; O) :{ appendL;M ;N);appendM ;L;0O): (23)

with the moding m(rotate; 1) = in and m(rotate; 2) = out. For this moding, the
program is terminating.

But while the rst use of appendin Clause (23) supplies it with a ground term
only on the last argument position, the second use in (23) is ¥wh ground terms
only on the rst two argument positions. Although the appendclauses are even
well moded for both kinds of uses, the whole program is not.

The logic program is transformed into the following TRS. As before, \[XjL]" is
an abbreviation for (X;L), i.e., is the constructor for list insertion.

append, ([1;M;M ) ! append ([1;M;M ) (24)
append, ( (X;L);M; (X;N)) ! ui(append, (L;M;N ); X;L;M;N ) (25)
ur(append,; (L; M;N ); X L;MN )t append, ( (X;L);M; (X;N)) (26)

rotaten (N;O) ! uz(append, (L;M;N );N;O) (27)
uz(appendy (L;M;N );N;O) ! us(appeng, (M;L;O0);L;M;N;O ) (28)
us(append, (M;L;0);L;M;N;O ) ! rotatey, (N; O) (29)

Due to the \extra" variables L and M in the right-hand side of Rule (27) and the
\extra" variable O in the right-hand side of Rule (28),'! the only re ned argument
Iter which would satisfy the variable condition of Corolla ry 4.5 is the one where

(appeng,) = ?.12 As we can expect, for the queries described by this lter, the
appendprogram is not terminating and, thus, our new approach fails, too.

The common solution [Apt 1997] is to produce two copies of theappendclauses
and to rename them apart. This is often referred to as \mode-glitting". First, we
create labelled copies of the predicate symbappendand label the predicate of each
appendatom by the input positions of the moding in which it is used. Then, we
extend our moding to m(append®?’; 3) = m(append®??;1) = m(append??9;2) =
in and m(append®;1) = m(append®®;2) = m(append®?9;3) = out. In our
example, termination of the resulting logic program can eady be shown using both
the classical transformation from Section 1.1 or our new trasformation:

rotate(N ; O) { append®(L;M;N);append“2(M:L;0):
append®([];M;M):

append®I([XL;M;[XjN]) { append®(L;M;N):

append*?9([;M; M):

append 29X LI L; [XN]) i append“?9(L;M;N):

111n the left-hand side of Rule (27), the variable O in the second argument of rotate;, is removed
by the initial Iter that describes the desired set of querie s given by the user. Consequently, one
also has to lter away the last argument of u». Hence, then O is indeed an \extra" variable in the
right-hand side of Rule (28).

12 plternatively, one could also lter away the rst arguments of uy and uz. But then one
would also have to satisfy the variable condition for the dep endency pairs and one would ob-
tain (APPENDj, ) = ?. Hence, the termination proof attempt would fail as well.
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In the example above, a pre-processing based on modings wasa@ent for a suc-
cessful termination proof. In general, though, this is insucient to handle queries
described by an argument lter. The following example demorstrates this.

Example 5.16. Consider again the logic programP from Example 5.15 which

mination for all queries of the form rotate(t;;t,) wheret; is a nite list (possibly
containing non-ground terms as elements). S¢, is instantiated by terms of the form

(ri; (r2;::: (rn;[D::2) where ther; can be arbitrary terms possibly containing
variables 3

To specify these queries, the user would provide the initialargument lter
with  (rotate) = flgand ( )= f2g. Now our aim is to prove termination of all
gueries that are ground under the Iter . Thus, the rst argument of rotate is not
necessarily a ground term (it is only guaranteed to be groundafter Itering away
the second argument of ).

Therefore, if one wanted to pre-process the program using ndings, then one
could not assume that the rst argument of rotate were ground. Instead, one would
have to use the modingm(rotate; 1) = m(rotate; 2) = out . Therefore, in the calls to
append all argument positions would be considered asdut ". As a consequence, no
renamed-apart copies of clauses would be created and the taiation proof would
fail.

In general, our re nement algorithm from Section 5.1 (Algorithm 1) aims to
compute an argument lter that Iters away as few arguments as possible while
ensuring that the variable condition holds. In this way we make sure that the
maximal amount of information remains for the following termination analysis.

But as Examples 5.15 and 5.16 above demonstrate, there are @ where we need
to create renamed-apart copies of clauses for certain prechites in order to obtain
a viable re ned argument lter. To this end, a rst idea might be to combine an
existing mode inference algorithm with Algorithm 1. Howeve, it is not clear how
to do such a combination. The problem is that we already needd know the re ned
argument Iter in order to create suitable copies of clauses At the same time, we
already need the renamed-apart copies of the clauses in ondi® compute the re ned
argument lter. Thus, we have a classical \chicken-and-egg problem. Moreover,
such an approach would always fail for programs like Example5.16 where there
exists no suitable pre-processing based on modings.

Therefore, we replace Algorithm 1 by the following new Algoithm 2 that simul-
taneously re nes the argument Iter and creates renamed-a@rt copies on demand.

The idea of the algorithm is the following. Whenever our re nement heuristic
suggests to lter away an argument of a symbolpi, , then instead of changing the

135uch a termination problem can also result from an initial te  rmination problem that was de-
scribed by modings. To demonstrate this, we could extend the program by the following clauses.
p(X;0) { s2(X;N );rotate(N;O):
s2(0;[]):
S2(s(X);[YJN] { s2(X;N):
To prove termination of all queries described by the moding m(p; 1) = in and m(p; 2) = out, one
essentially has to show termination for all queries of the fo rm rotate (t1;t2) where t; is a nite list.
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Input : argument Iter , re nement heuristic , TRS Rp
Output : re ned argument Iter  %and modied TRS RY
such that YRY) satis es the variable condition
1. RS :=Rp[f>®1 r ®j 1 r2Rp(p); p=n2 ; (p)( f1:::;ngg

8
< (f); forall f 2 (i.e., for functions of P)

2. Yf)y= 1, forall f = pl, with p2
" f1;:::;ng; for all other symbols f=n

3. Ifthereisarule ™! r from RY
and a position pos with rjues 2 V( Ar)) nV( X)), then:
3.1. Let (f;i) be the result of (r; pos), i.e., (f;i):= (r; pos).

3.2. We perform a case analysis depending on whethdr has the form
p,, for somep 2 . Here, unlabelled symbols of the form pj, =n

If f = p|,, then we must haver = u(p}, (::1);::2) for some
symbol u. We introduce a new function symbol ™19 with
%p."'9) = I nfigif it has not yet been introduced. Then:
n

We replacep), by p!nfig in the right-hand side of ! r:
R% :=R3nf ! rg[f ! g
wherer = u(pl™'9(:);:0).

RY = RY [f s'Mfigr tinfigjst t2RY(p)g.
If this introduces new labelled function symbolsf=n where

Let %! rO%be the rule in RY with %= u(pl, (::1);::1). We
now replacepl,, by p.r'9 in the left-hand side of ‘°1 r®
RY := R nf %1 r%[f 01 r%;

where 0= u(pM 19 00).

Otherwise (i.e., if f does not have the formp;, or pl,), then
modify °by removingi from 9f),i.e., f):= 9Yf)nfig.
3.3. Go back to Step 3.

Algorithm 2 : Improved Re nement Algorithm

argument lter appropriately, we introduce a new copy of the symbol p,. To
distinguish the di erent copies of the symbols pi, , we label them by the argument
positions that are not ltered away.

In general, a removal of argument positions ofp, can already be performed
by the initial Iter that the user provides in order to describe the desired set

ACM Transactions on Computational Logic, Vol. V, No. N, 20YY



32 P. Schneider-Kamp, J. Giesl, A. Serebrenik, R. Thiemann

predicate symbolp=n, then we already introduce a new symbopm(p)

of the rewrite rules originating from p. In these rules, we use the new symbap,
instead of pi, .

Let us reconsider Example 5.16. To prove termination of all gieriesrotate(ts;t»)
with a nite list t;, the user would select the argument Iter that eliminates the
second argument ofrotate and the rst argument of the list constructor . So we
have (rotate) = fi1g, ( )= f2g, and (append = f1;2;3g. Then in addition to
the rules (27) - (29) for the symbolrotate;, we also introduce the symbolrotate{nlg.

Moreover, in order to ensure that rotateifnlg does the same computation asotate;, ,
we add the following copies of the rewrite rules (27) - (29) adginating from the
predicate rotate. Here, all root symbols of left- and right-hand sides are laklled

with f1g.

and new copies
(p)

rotatel "9(N; 0) ! u}'%(appeng, (L; M;N );N;O) (30)
ub9(append,, (L;M;N );N;0) ! ui*¥(appeng, (M;L;0);L;M;N;0) (31)
ul'%(append,, (M;L;0);L;M;N;O ) | rotate]'(N; O) (32)

So in Step 1 of the algorithm, we initialize R2 to contain all rules of Rp. But
in addition, RY contains labelled copies of the rules resulting from those redicates

sides are labelled with (p).

Formally, for every predicate symbolp 2 , let Rp (p) denote those rules ofRp
which result from p-clauses (i.e., from clauses whose head is built with the pdicate
p). So Rp (rotate) consists of the rule forrotatej, and the rules for u, and us, i.e.,
Rp (rotate) = f(27); (28); (29)g.

Then for a term t = f(ty;:::;t,) and a set of argument positionsl| N, let
t' denote f'(t1;:::;t,). So fort = rotate, (N;O) and | = flg, we havet' =
rotateifnlg(N;O). Hence if (rotate) = f1g, then we extend R3 by copies of the

rules in Rp (rotate) where the root symbols are labelled byf 1g. In other words, we
have to add the rulesf> ® 1 r (P j 1 r 2 Rp(rotate)g= f(30);(31);(32)g.

In Step 2, we initialize our desired argument Iter ©° This Iter does not yet
eliminate any arguments except for original function symbds from the logic program
and for symbols of the formp, . Since in our example, the initial argument Iter
of the useris (rotate) = f1g, we have Yrotate,, ) = f1;2g, but 0(rotateifnlg’) = flg.
So for symbolspl, , the label I describes those arguments that are not Itered away.
However, this does not hold for the other labelled symbols. & the labelling of the
symbols uleg, ufglg, and appen(ﬂﬁtg only represents that they \belong" to the symbol

rotateifnlg. But the argument Iter for these symbols can be determined abitrarily.

Initially, °would not Iter away any of their arguments, i.e., 0(uleg) = f1,;2;3g,
Qui'®) = £1;2;3;4;59, and Yrotate]'9) = f1;2g. The lIter for original function
symbols of the logic program is taken from the user-de ned agument lter . So
since the user described the desired set of queries by settjin ( ) = f2g, we also

have % )= f2g.
In Steps 3 and 3.1, we look for rules violating the variable condition as in
Algorithm 1. Again, we use a re nement heuristic to suggest a suitable function
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symbol f and an argument positioni that should be Itered away. As before, we
restrict ourselves to re nement heuristics which never select the rst argument
of a symbolug;. In this way, we only have to examine the rules (and not also tfe
dependency pairs) for possible violations of the variable @ndition.

If f is not a (possibly labelled) symbol of the formp;, or p!,, then we proceed
in Step 3.2 as before (i.e., as in Step 2.2 of Algorithm 1). But iff is a (possibly
labelled) symbol of the form p, or p},, then we do not modify the Iter for f. If
| are the non- Itered argument positions of f, then we introduce a new function
symbol labelled with | nfig instead and replacef by this new function symbol in
the rule that violated the variable condition.

Iter that does not eliminate any arguments except for O(rotateifnlg) = flg and
)= f2g.
The rules (25), (27), and (30) violate the variable condition. In the following, we
mark the violating variables by boxes. Let us regard Rule (2% rst:

appeng, ( (G;L);M; OGN)) ! ui(appeng, (L;M;N );[X fLiM;N ) (25)

To remove the variable X from the right-hand side, in Step 3.1 any re nement
heuristic must suggest to lter away the second argument ofu;. As u; does not
have the form p|,, we use the second case @tep 3.2. Thus, we change °such
that Yu;) = f1;2;3;4;5gnf2g = f1;3;4;5g. Indeed, now this rule does not violate
the variable condition anymore.

We reach Step 3.3 and, thus, go back to Step 3 where we again choose a rule
that violates the variable condition. Let us now regard Rule (30):

rotatel,'Y(N; 0) | uy™9(append, (L ;[M N);N;[0) (30)

To remove the rst violating variable L, in Step 3.1 our re nement heuristic sug-
gests to lter away the rst argument of the symbol appeng, . But instead of chang-
ing Yappeng, ), we introduce a new symbolappen(ﬁnz;sg with O(appean;sg) =
f2;3g. Moreover, we replace the symbolappeng, in the right-hand side of Rule
(30) by the new symbolappen(ﬁf;sg. Thus, Rule (30) is modi ed to

rotatel,'Y(N; 0) | uy"9(append®®(L; [M [ N);N;[O): (33)

To make sure that appenc{inz3g has rewrite rules corresponding to the rules of
appeng,, we now have to add copies of all rules that result from theappend

predicate. However, here we label every root symbol by 2; 3g. In other words, we

have to add the following rules toR:

append”**([1;M;M ) ! appendZ**([1;M;M ) (34)
append 2 (X;L);M; (X;N)) ! ul®*(append, (L;M;N );X;L;M;N ) (35)
ul 29 (appeng,, (L;M;N );X;L;M;N )1 appendZ®( (X;L);M; (X;N)) (36)

Now the result of rewriting a term appencﬂf;gg(: :2) will always be a term of the
form append%®(:::). Therefore, we have to replaceappend,, by append® in

the left-hand side of Rule (31) (since (31) is the rule that alvays \follows" (30)).
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So the original rule (31)
ub'%(append,, (L;M;N );N;0) ! u'%(appeng, (M;L;0);L;M;N;0) (31)
is replaced by the modi ed rule

ub9(appendZ*(L;M; N );N;0) | u'%(appengd, (M;L;0);L;M;N;0): (37)

Thus, after the execution of Step 3.2, we haveR$ = f(24) (29);(33) (36);(37);
(32)g. In this way, we have introduced three new labelled symbolsappen(ﬁ]z;sg,
uf#% and append%® On the unlabelled symbols, the argument Iter © did
not change, but we now additionally have Yappend?®®%) = f2;3g, u\>*%) =
f1;2;3;4;59, and Yappend?®®) = f1;2;3g.

We reachStep 3.3 and, thus, go back toStep 3 where we again choose a rule that
violates the variable condition. Let us again regard Rule (®), albeit in its modi ed
form as Rule (33). The variableM still violates the variable condition. In Step 3.1,
the re nement heuristic suggests to Iter away the second agument of the symbol

appen({f‘sg. Instead of changing ° we again introduce a new symbol, namely
append® with %append®®) = f3g, and replace the symbolappend®® in the
right-hand side of Rule (33) by appencﬁf’g. Thus, we obtain a further modi cation
of Rule (33):

rotatel'Y(N; 0) I uy™®(append®(L; M;N );N;[0)) (38)

Again, we have to ensure thatappenclin39 has rewrite rules corresponding to the rules
of append, . Thus, we add copies of all rules that result from theappendpredicate
where every root symbol is labelled byf 3g:

append™@([1;M;M ) ! append3?((1;M; M) (39)
append®( (X;L);M; (X;N)) ! ul*(appeng, (L;M;N );X;L;M;N ) (40)
ul % (append,, (L; M;N ); X;L;M;N ) 1 append2?( (X;L);M; (X;N)) (41)

We also have to replaceappencﬂﬁ{sg by appen(ff,fJ in the left-hand side of Rule (37)
(since (37) is the rule that always \follows" (33)). So the rule (37) is replaced by
the modi ed rule

uleg(appen(ﬁ?(L;M;N );N;0) ! u;,lg(appenqln (M;L;0);L;M;N;0) (42)

Thus, after the execution of Step 3.2, we haveR 3 = (24) (29);(38) (41);(34)

(36); (42); (32)g. Again we have introduced three new labelled symbolappenéf’g,

uflgg, and appencgﬁ?. On the unlabelled symbols, the argument lter © did not

change, but we now additionally have 0(appenéﬁnsg) = f3g, O(uflsg') = f1;2;3;4;5q,
and %append®) = f1;2;3g.

We reach Step 3.3 and, thus, go back to Step 3 where we again choose a
rule that violates the variable condition. We again regard Rule (30), albeit in its
modi ed form as Rule (38). The variable O still violates the variable condition. In
Step 3.1, any re nement heuristic must suggest to lter away the thir d argument

ACM Transactions on Computational Logic, Vol. V, No. N, 20YY



Automated Termination Proofs for Logic Programs by Term Rewiihg 35

of the symbol uleg. As uleg does not have the formpl, , we use the second case of
Step 3.2. Thus, we change °such that 0(uleg’) = f1;2;3gnf3g= f1;2g. Indeed,
now Rule (38) does not violate the variable condition anymoke.

We reach Step 3.3 and, thus, go back to Step 3 where we again choose a rule
that still violates the variable condition. Let us now regard Rule (42):

ub 9 (append®(L;M;N );N;0) I ui*(append, (M;L; @);L;M;N; @) (42)

Here our re nement heuristic suggests to Iter away the third argument of the
symbol appeng}, in order to remove the extra variable O. Instead of changing °, we

again introduce a new symbol, namelyappenclinl;2g with 0(appenc?nl;zg) = 1,29,
and replace the symbolappend, in the right-hand side of Rule (42) by appendinl;zg.
Thus, we obtain a further modi cation of Rule (42):

ub'%(appendd(L;M; N );N;0) I ui"(append *(M;L;0);L; M;N; @) (43)

Again, we have to ensure thatappen(ﬁnl;zg has rewrite rules corresponding to the
rules of appeng,. Thus, we add copies of all rules that result from theappend
predicate where every root symbol is labelled byf 1; 2g:

append,"*([1;M;M ) ! append,;**([1;M;M ) (44)
append?( (X;L);M; (X;N)) ! ul¥®(append, (L;M;N );X;L;M;N ) (45)
uf¥%% (append,,, (LiM;N );X;LiM;N ) | appendii?( (XL );M; (X;N)) (46)

We also have to replaceappend, by appen@ﬁ{zg in the left-hand side of Rule
(32) (since (32) is the rule that always \follows" (42)). So the rule (32) is replaced
by the modi ed rule

ul¥(append’?9(M;L;0);L;M;N;0 ) I rotate}9(N; 0) (47)
Thus, after the execution of Step 3.2, we now haveR2 = f(24) (29);(38)
(41);(34) (36);(43) (46);(47)g. Again we have introduced three new labelled
symbols append 9, ul*?% and append’;*®. On the unlabelled symbols, the argu-
ment Iter °did not change, but we now additionally have O(appen({ﬁnl;zg) = f1;2g,

Ouit?9) = £1;2;3;4;59, and Yappend:?) = £1;2;3g.

Note that now we have indeed separated the two copies of thappendrules where
appen(ﬂfg corresponds to the version ofppendthat has the third argument as input
and appen(ﬁ]l;Zg is the version where the rst two arguments serve as input. ThHs
copying of predicates works although the initial argument lter already Itered
away arguments of function symbols like \ " (i.e., the initial argument Iter was
already beyond the expressivity of modings).

Step 3 is repeated until the variable condition is not violated anymore. Note that
Algorithm 2 always terminates since there are only nitely many possible labelled
variants for every symbol. In our example, we obtain the folbwing set of rulesR 2 :
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append, ((I;M;M ) ! appendy, ((1;M; M ) (24)

append, ( (X;L );M; (X;N)) ! ui(append, (L;M;N ); X;LiM;N ) (25)
uz(appendyy (L;MiN ) XS LiMIN ) 1 appendy, ( (XL )i M; (X;N ) (26)
rotatejn (N;O) ! uz(appenq‘nag(L; M;N );N;0) (48)

uz(append:j?(L;M;N );N;O) ! us(append, (M;L;0 );L;M;N;O ) (49)
uz(append,; (M;L;0 );L;M;N; O ) ! rotateout (N;O) (29)
rotate{nlg(N;O) ! uleg(appenc{n3g(L;M;N ):N;O) (38)

ub 9 (append 3 (L;M;N );N;0) 1 ul*%(append 1?9(M;L; 0 );L;M;N; O ) (43)

u5'9 (append, ;% (M; L;0 );L;M;N; O ) | rotate ¢ (N; O) (47
append 7% (1;M;M ) ! append 329 ((1;M; M ) (34)

append 239 (X;L );M; (OGN ) ! ub %% (append 39 (LM N ) X LiM;N ) (50)

ul 2% (append 239 (L M; N )X LiMN ) 1 append Z39( (XL );M; (XN ) (51)
append *9([1;M;M ) 1 append 3([1;M;M ) (39)

append *( (GL);M; (OGN ) 1 uy*(append 9L MIN )X LMIN ) (52)

uf %9 (append, 39 (L;M;N )X LMiN ) 1 append 22( (X;L);iM; (XN ) (53)
append,"?9([1;M;M ) 1 append,5;*®([1; M;M ) (44)

append, "2 (GL);M; OGN ) ! uit 9 (append, PP (LiMiN )X LMiN ) (54)

ul 529 (append 29 (L;M;N )X LiM;N ) 1 append, i 29( (XL );M; (X;N)) (55)

The re ned argument lter  C%is given by

O(append, ) = f1;2;3g 0(rotatefnlg) = fig 0(appenofnz;e'g)= f2;3g
O(append,,, ) = f1;2;3g o(ul, 1) = f1;2g Oappend,%39) = f1;2;3g
o) = f2g o(u*) = 11,2349 Ol %) = f1;4;5¢g
O(u1) = £1;3;4;59 %append,?%) = f1;2g o(ut %) = f1;5g
Orotatein ) = f1;2g Oappend,?9) = f1;2;3g o(uf 1129) = f1;3;4g
Ouz) = f1;2;3g Yrotatel}9) = f1;29

%append ) = f3g

%(append,f) = 1;2;3g

%ua) = £1,2,3;4;59
Orotateout ) = f1;2g

Termination for R% w.r.t. the terms specied by ©is now easy to show using
our results from Section 4.

If one is only interested in termination of queriesrotate(t;; t») for a speci ¢ pred-
icate symbol like rotate, then one can remove super uous (copies of) rules from the
TRS before starting the termination proof. For example, if one only wants to prove
termination of queries rotate(ty;t,) for nite lists ti, then it now su ces to prove

termination of the above TRS for those \start terms" rotateifnlg(: ::) that are nite

and ground under the Iter °and where the arguments ofrotateifnlg do not contain
any function symbols except and []. Since the rules forrotate,, , append, , and
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appen(ﬂf;sg (i.e., the rules (24) - (26), (29), (34), and (48) - (51)) are ot reachable
from these \start terms”, they can immediately be removed. In other words, for the
queriesrotate(ty; t,) we indeed need rules forotatel'%, append?¢, and append’,
but the rules for rotate;, , appeng, , and appen(ﬂnz;sg are super uous.

Note however that such super uous copies of rules are neverrpblematic for
the termination analysis. If the rules for appenclin3g are terminating for terms that
are nite and ground under the lter 9 then this also holds for the appen(ﬂf;sg—
and the appeng, -rules, since here © Iters away less arguments. A corresponding
statement holds for the connection between thaotate{nlg- and the rotatej, -rules.

The following theorem proves the correctness of Algorithm 2 More precisely,
it shows that one can use ° and RE, instead of and Rp in Theorem 3.7. So
it is sucient to prove that all terms in the set SO = fpm(p)(t) jp2 ;t2
TI(;V) AP M) 2T ( p,) g are terminating w.r.t. the modied TRS RJ.

In Example 5.16, S° would be the set of all terms rotatefnlg(tl;tg) that are ground
after ltering with  ° Hence, this includes all terms where the rst argument is a
nite list.

If all terms in S° are terminating w.r.t. R%, we can conclude that all queries
Q2A™(; ;V)with (Q)2A( ; ) are terminating for the original logic
program. Since O satis es the variable condition for the TRS RY (and also for
DP(R3)if12 Yug,) for all symbols of the form uc;), one can also use °and R3
for the termination criterion of Corollary 4.5. In other wor ds, then it is su cient
to prove that there is no in nite ( DP (R%);R2; 9-chain.

Theorem 5.17 (Soundness of Algorithm 2). Let P be a logic program and
let be an argument Iter over ( ;) . Let °and RS result fom and Rp by
Algorithm 2. Let S = fpn () jp2 ;t2 T (;V); (pa(M)) 2T( p)o.
Furthermore, let S°= fpin(p)(r)j p2 ;t2TL( V), O(pin(p)(t')) 2T( p o0
All terms s 2 S are terminating for Rp if all terms s° 2 SY are terminating for
RO.

Proof. We rst show that every reduction of a term from S with Rp can
be simulated by the reduction of a term from S° with R3. More precisely, we
show the following proposition whereS" = ft j pin (t) ! %, t for somep 2 ,

t2TY(;V),and (pn (D) 2T( p )gand L= ftjp P! Ry t for some
p2 , t2T1( ;V),and Ap,P(®) 2T ( » .)g

If s2 S" and s°2 S with Unlab(s®) = s, then s! g, t implies

that there is a t° with Unlab(t9 = t and s°! go t° (56)

Here, Unlab removes all labels introduced by Algorithm 2:

Unlab(s) = .
S; otherwise

We prove (56) by induction on n. There are three possible cases fas and for
the rule that is applied in the step from s to t.
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Case 1:n =0 and thus, s = pp (9

Sos2 Sandthereisarule”! r2Rp with * = pp(7) such that s= ~ and
t = r for some substitution with terms from T ( ;V).

Let s°2 S with Unlab(s?) = s. Thus, we also haves®2 S°wheres®= p, " (3)
(since a term with a root symbol p, cannot be obtained from S° if one has per-
formed at least one rewrite step withR3). Due to the construction of RS, there
exists a rule” ® 1 92 RY where Unlab(r® = r. We de ne t°to be r® . Then
we clearly haves®= " (" I go r% = t%and Unlab(t9 = t.

Case 2:n lands= Ugi(5;9, S! R, t,t= Uci(t9)
Sinces 2 ", there exists api, (8) with $2 T! (' ;V) such that pi, () ! Re S 1€,
52 S™ for somem 2 N. Since the reduction frompj, () to S is shorter than the
overall reduction that led to s, we obtain that m<n .

Let s°2 S with Unlab(s%) = s. Hence, we haves® = ul;(s% €) for some labell
and Unlab(s9) = 5. Sinces®2 S, there exists apy, () with s2 T* ( ;V) such that
pl (9) ! RO s0. Hence,s®2 S as well. Now the induction hypothesis implies that
there exists at®such that s%! go t9and Unlab(t% = T. We de ne t®= ug, (t% €).
Then we clearly haves®! go t° and Unlab(t9) = t.

Case 3:n 1 ands= Uc;(Pou (9); 9

Here, there exists arule’ ! r 2Rp with ~ = Uci(Pout (7); %) such that s= "~ and
t=r .

Let s°2 Swith Unlab(s®) = s. Hence, we haves®= ul; (p3, (9); €) for some labels
| andJ. Sinces®2 S°, sresulted from rewriting the term ug; (p}, (); € which must
be an instantiated right-hand side of a rule fromR2. Due to the construction of
RY, then there also exists a rule’™®! %2 RY where %= ul; (pd, ();*) and
Unlab(r9 = r. We dene t°= r®. Then we haves’= "% 1 zo r® = t%and
clearly Unlab(t9 = t.

We now proceed to prove the theorem by contradiction. Assumehere is a term
Sp 2 S that is non-terminating w.r.t. Rp, i.e., there is an in nite sequence of terms
S0;S1; 82,0 With s ! g, Si+1. We must havesp = pi, (t) with t2 T! ( ;V) and

(P (D) 2T ( p ). Let s3= p,P(1). Then s32 % since Yp, () 2T ( p o).

The reasonisthat qp,”)= (p)= (pn)andforallf 2 wehave %f)  (f).

So by (56) sd 2 SPand Unlab(sg) = so impIy that there is an s§ with Unlab(s?) =
s; and s§ ! RO s?. Clearly, this also impliess? 2 S°. By applylng (56) repeatedly,
we therefore obtain an in nite sequence of labelled termssd; s9; sJ;: :: with sP! RY
st,. O

6. FORMAL COMPARISON OF THE TRANSFORMATIONAL APPROACHES

In this section we formally compare the power of the classidaransformation from
Section 1.1 with the power of our new approach. In the classa approach, the
class of queries is characterized by a moding function wheas in our approach, it is
characterized by an argument lter. Therefore, the following de nition establishes
a relationship between modings and argument lters.
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De nition 6.1 (Argument Filter Induced by Moding). Let ( ;) be a signature
and let m be a moding over the set of predicate symbols . Then for everypredicate
symbol p 2 we de ne the induced argument Iter ., over p as n(pin) =

m(Pin) = fi j m(p;i) = ingand n(pouw) = fi j m(p;i) = outg. All other
function symbolsf from p are not ltered, i.e., m(f=n)=f1;:::; ng.

Example 6.2. Regard again the well-moded logic program from Example 1.1.
p(X; X ):
p(f(X);a(Y)) { p(f(X);f(2)):p(Z; 9(Y)):

We used the modingm with m(p; 1) = in and m(p; 2) = out . Thus, for the induced
argument Iter  we have (pn)= m(Pin)=flgand n(pout)= f20.

As the classical approach is only applicable to well-modeddgic programs, we
restrict our comparison to this class. For non-well-moded pograms, our new ap-
proach is clearly more powerful, since it can often prove tamination (cf. Section 7),
whereas the classical transformation is never applicable.

Our goal is to show the connection between the TRSs resultingrom the two
transformations. If onere nes o toa Iter 2 by Algorithm 1 using any arbitrary
re nement heuristic, then the TRS of the classical transformation corresponds to

the TRS of our new transformation after ltering it with 9.

Example 6.3. We continue with Example 6.2. The TRS Rp resulting from our
new transformation was given in Example 3.2:

Pin (X3 X ) 1 Pout (X5 X1) (1)

Pin (F(X);9(Y)) ! ur(pin (F(X);1(2)); X;Y) (2

Uz (Pout (F(X);(2)); X5 Y ) 1 ua(pin (Z59(Y)); X Y5 Z) 3)
Uz2(Pout (Z; 9(Y)); X; Y5Z) 1 pout (F(X); 9(Y)) (4)

If we apply the induced argument lter ,, then we obtain the TRS , (Rp):

Pin (X) ! Pout (X)
Pin (F(X)) ! ua(pin (F(X)); X Y)
U (Pout (F(2)); X;Y ) 1 uz(pin (2); XY 2Z)
Uz2(Pout (AC(Y)); X;Y;Z) 1 Pout (9(Y))

The second rule has the \extra" variable Y on the right-hand side, i.e., it does
not satisfy the variable condition. Thus, we have to re ne the Iter , toa I-
ter O with Q(u)) = 2%(Up) = fL,2gand 9(uw) = 9(Up) = f1;2,4g. The
resulting TRS % (Rp) is identical to the TRS R3¢ resulting from the classical
transformation, cf. Example 1.2:

Pin (X) ! Pout (X)
Pin (F(X)) ! ur(pin (F(X)); X)
ur(pout (F(Z)); X) I u2(pin (2);X;2)
Uz2(Pout (9(Y));X;Z) 1 pout (9(Y))

The following theorem shows that our approach (with Corollary 4.5) succeeds
whenever the classical transformation of Section 1.1 yiella terminating TRS.
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Theorem 6.4 (Subsumption of the Classical Transformation). Let P
be a well-moded logic program over a signaturé ;) w.r.t. the moding m. Let
R9Y pe the result of applying the classical transformation of S#ion 1.1 and let
Rp be the result of our new transformation from De nition 3.1. T hen there is a
re nementof 9 of n suchthat(a) 2 (Rp)and 2 (DP(Rp)) satisfy the variable
condition and (b) if R2Y is terminating (with ordinary rewriting), then there is no
innite (DP (Rp);Rp; )-chain. Thus, in particular, termination of RZY implies
that Rp is terminating (with in nitary constructor rewriting) for  all terms pjy (t)

with p2 ,t2T2( ;V),and (pn (D)) 2T( p ).

Proof. Let { result from Algorithm 1 using any re nement heuristic ~ which
does not Iter away the rst argument of any ug; .

We now analyze the structure of the TRS 2 (Rp). For any predicate symbol
p2 ,let\ p(s;t)" denote that s and t are the sequences of terms op's in- and
output positions w.r.t. the moding m.

When Algorithm 1 is applied to compute the re nement 2 of ,, one looks for
arule™ ! r from (Rp) such that V(r) 6 V('). Such a rule cannot result from
the facts of the logic program. The reason is that for each facp(s;t), m(Rp)
contains the rule

Pin (9 ! Pout (V)
and by well-modedness, we hav&/(t) V (9).

m (Rp) contains:

Pin (8 ! Uca(pa, (51); V(9 [V ()
Uc:1(Proy (T1); V(I [V (D) ! Uc2(P2, (22);V(IV (D) [V (s1) [V (1))

Ui (P (6)IV(9 TV O IV (8) [V (®) [ [V (8 D[V (& 1) | Pou (D)

For the rst rule, by well-modedness we haveV(s;) V (9 and thus, the only
\extra" variables on the right-hand side of the rst rule mus t be from V(t). There
is only one possibility to re ne the argument Iter in order t o remove them: one
has to Iter away the respective argument positions of uc.;. Hence, the Itered
right-hand side of the rstrule is uc1(p1, (51); V(9) and the ltered left-hand side
of the second rule isuc.1(p1,, (t1); V(9).

Similarly, for the second rule, well-modedness implie¥ ()[V (9)[V (21)[V (t1)
V(t1) [V (9. So the only \extra" variables on the right-hand side of the second
rule are again from V(t). As before, to remove them one has to lter away the
respective argument positions ofuc.,. Moreover, sinceV(s) V (9 we obtain
the ltered right-hand side uc.2(p2, (%2);V(S) [V (t1)) for the second rule and the
Itered left-hand side uc.2(pz,, (t2); V() [V (t1)) side in the third rule.

An analogous argument holds for the other rules. The last rué has no extra
variables, sinceV(t) V (9 [V (t1) [ :::[V (tk) by well-modedness.
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So for any rule ¢ of the logic programP, ¢ (Rp) has the following rules:

Pin (8) ! Uca(py, (81);V(9)
Ug;1(P1oy (T1);V(9) ! Uc2(p2, (%2); V() [V (1))

e (P @)V [V () [ 121V (B 1) | pour (D

Hence, $(Rp)= R39. Since the re ned argument Iter { does not Iter away
the rst argument of any uc, by dening 2 (Ugi) := 2 (uci), then the variable
condition is satis ed for both 9 (Rp)and § (DP (Rp)) and, thus, (a) is ful lled.

Now to prove (b), we assume thatRg"“ is terminating. We have to show that
then there is no in nite (DP (Rp);Rp; & )-chain. By the soundness of the argu-
ment Iter processor (Theorem 4.13), it su ces to show that t here is no in nite
( %(DP(Rp)); %(Rp);id)-chain.

Note that 2 (DP (Rp)) = DP( 2(Rp)). The reason is that all uc; only occur
on the root level in Rp . Moreover, all pi, -symbols only occur in the rst argument
ofaug and 12 (uci). In other words, occurrences of de ned function symbols
are not removed by the Iter 2. So we have

u! v2 2(DP(Rp))

i thereisarule *! r2Rp withu= 9(Cl);v= 9o
for a subterm t of r with de ned root

i thereisarule *! r2Rp with u=( SCNv=( 2@)!
for a subterm 9 (t) of 9 (r) with de ned root

i thereisarule *! r2 9(Rp)with u="l;v=tl
for a subterm t of r with de ned root
i u! v2DP( %(Rp))

Hence, % (Rp) = RY and S (DP(Rp)) = DP( %(Rp)) = DP(R3Y). Thus,
it su ces to show absence of in nite (DP (R24); R29;id)-chains. But this follows
from termination of R3Y, cf. [Arts and Giesl 2000, Thm. 6], since P; R;id)-chains
correspond to chains for ordinary (non-in nitary) rewriti ng.

Hence by Theorem 4.4, termination ofR 29 also implies that all terms pi, (t) with
p2 , t2TY(;V),and (pn(D) 2 T( p ) are terminating w.rt. Rp (using
in nitary constructor rewriting). O

The reverse direction of the above theorem does not hold, thagh. As a coun-
terexample, regard again the logic program from Example 1.1cf. Example 6.3.
As shown in Example 1.2, the TRS resulting from the classicatransformation is
not terminating. Still, for the Iter 9 from Example 6.3, there is no in nite
(DP (Rp);Rp; 2)-chain and thus, our method of Corollary 4.5 succeeds with he
termination proof. In other words, our new approach isstrictly more powerful than
the classical transformation, even on well-moded programs

Thus, a termination analyzer based on our new transformatio should be strictly
more successful in practice, too. That this is in fact the cas will be demonstrated
in the next section.

ACM Transactions on Computational Logic, Vol. V, No. N, 20YY



42 P. Schneider-Kamp, J. Giesl, A. Serebrenik, R. Thiemann

7. EXPERIMENTS AND DISCUSSION

We integrated our approach (including all re nements presented) in the termination
tool AProVE [Giesl et al. 2006] which implements the DP framework. To eviuate
our results, we tested AProVE against four other representative termination tools
for logic programming: TALP [Ohlebusch et al. 2000] is the only other available
tool based on transformational methods (it uses the classa transformation of
Section 1.1), whereadPolytool [Nguyen and De Schreye 2007]TerminWeb[Codish
and Taboch 1999], andcTI [Mesnard and Bagnara 2005] are based on direct ap-
proaches. Section 7.1 describes the results of our experimal evaluation and in
Section 7.2 we discuss the limitations of our approach.

7.1 Experimental Evaluation

We ran the tools on a set of 296 examples in fully automatic mod** This set
includes all logic programming examples from theTermination Problem Data Base
[TPDB 2007] which is used in the annual international Termination Competition
[Marcte and Zantema 2007]. It contains collections proviced by the developers of
several di erent tools including all examples from the expeimental evaluation of
[Bruynooghe et al. 2007]. However, to eliminate the in uene of the translation
from Prologto logic programs, we removed all examples that use non-trikal built-
in predicates or that are not de nite logic programs after ignoring the cut operator.
All tools were run locally on an AMD Athlon 64 at 2.2 GHz under GNU/Linux 2.6.
For each example we used a time limit of 60 seconds. This is sitar to the way
that tools are evaluated in the annual competitions for termination tools.

| AProvE | Polytool |  TerminWeb | cTl | TALP
Successe 232 204 177 167 163
Failures 57 82 118 129 112
Timeouts 7 10 1 0 21

As shown in the table above, AProVE succeeds on more examples than any other
tool. The comparison of AProVE and TALP shows that our approach improves
signi cantly upon the previous transformational method th at TALP is based on, cf.
Goals (A) and (B). In particular, TALP fails for all non-well-moded programs.

While we have shown our technique to be strictly more powerflithan the previous
transformational method, due to the higher arity of the function symbols produced
by our transformation, proving termination could take more time in some cases.
However, in the above experiments this did not a ect the pradical power of our
implementation. In fact, AProVE is able to prove termination well within the time
limit for all examples where TALP succeeds. Further analysis shows that while
AProVE never takes more than 15 seconds longer thaALP, there are indeed 6
examples whereAProVE is more than 15 secondgaster than TALP.

14\We combined termsize and list-length norm for TerminWeb and allowed 5 iterations before
widening for cTl. Apart from that, we used the default settings of the tools. F  or both AProVE and
Polytool we used the (fully automated) original executables from the  Termination Competition
2007 [Marche and Zantema 2007]. To re ne argument lters, t his version of AProVE uses the
re nement heuristic o0 from De nition 5.13. For a list of the main termination techn iques used
in AProVE, we refer to [Giesl et al. 2005; Giesl et al. 2006]. Of these te chnigues, only the ones in
Section 4.2 were adapted to in nitary constructor rewritin  g.
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The comparison with Polytool, TerminWeh and cTl demonstrates that our new
transformational approach is not only comparable in power,but usually more pow-
erful than direct approaches. In fact, there is only a singleexample where one of
the other tools (namely Polytool) succeeds andAProVE fails. This is the rather
contrived example from (2) in Section 7.2 which we developedo demonstrate the
limitations of our method. Polytoolis only able to handle this example via a pre-
processing step based on partial evaluation [Nguyen et al. @6; Serebrenik and
De Schreye 2003; Tamary and Codish 2004]. In this example, tb pre-processing
step results in a trivially terminating logic program. Thus, if one combined this
pre-processing with any of the other tools, then they would &0 be able to prove
termination of this particular example.!® Integrating some form of partial eval-
uation into AProVE might be an interesting possibility for further improvement.
For all other examples, AProVE can show termination whenever at least one of
the other tools succeeds. Moreover, there are several exateg whereAProVE suc-
ceeds whereas no other tool shows the termination. These ihale examples where
the termination proof requires more complex orders. For ing&ance, termination
of the example SGSTO06/hbaltree.pl can be proved using recursive path orders
with status and termination of talp/apt/mergesort _ap.pl is shown using matrix
orders?16

Note that 52 examples in this collection are known to be non-erminating, i.e.,
there are at most 244 terminating examples. In other words, here are only at most
12 terminating examples whereAProVE did not manage to prove termination. With
this performance, AProVE won the Termination Competition with Polytool being
the second most powerful tool. The best tool for non-termindion analysis of logic
programs wasNTI [Payet and Mesnard 2006].

However, from the experiments above one should not draw theanclusion that the
transformational approach is always better than the direct approach to termination
analysis of logic programs. There are several extensions.(g, termination inference
[Codish and Taboch 1999; Mesnard and Bagnara 2005], non-tatination analysis
[Payet and Mesnard 2006], handling numerical data structues [Serebrenik and De
Schreye 2004; 2005b]) that can currently only be handled by idect techniques and
tools.

Regarding the use of term rewriting techniques for terminaton analysis of logic
programs, it is interesting to note that the currently most p owerful tool for di-
rect termination analysis of logic programs olytool) implements the framework
of [Nguyen and De Schreye 2005; 2007] for applying technigedrom term rewrit-
ing (most notably polynomial interpretations) to logic pro grams directly. This
framework forms the basis for further extensions to other TRS-termination tech-
niques. For example, it can be extended further by adapting &o basic results of
the dependency pair method to the logic programming settingNguyen et al. 2008].
Preliminary investigations with a prototypical implement ation indicate that in this
way, one can prove termination of several examples where th&ansformational

15Similarly, with such a pre-processing the existing \direct " tools would also be able to prove
termination of the program in Example 1.1.

16 For recursive path orders with status and matrix orders see [ Lescanne 1983] resp. [Endrullis
et al. 2006].
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approach with AProVE currently fails.

So transformational and direct approaches both have their dvantages and the
most powerful solution might be to combine direct tools like Polytool with a trans-
formational prover like AProVE which is based on the contributions of this paper.
But it is clear that it is indeed bene cial to use termination techniques from TRSs
for logic programs, both for direct and for transformational approaches.

In addition to the experiments described above (which compee di erent termi-
nation provers), we also performed experiments with sevetaversions of AProVE in
order to evaluate the di erent heuristics and algorithms for the computation of ar-
gument lters from Section 5. The following table shows that indeed our improved
type-based re nement heuristic (tb% from Section 5.3 signi cantly outperforms the
simple improved outermost (onf) and innermost (im) heuristics from Section 5.2. In
fact, all examples that could be proved terminating by any ofthe simple heuristics
can also be proved terminating by the type-based heuristic.

| AProVE th® | AProVE om® | AProVE im

Successe 232 218 195
Failures 57 76 98
Timeouts 7 2 3

So far, for all experiments we used Algorithm 2 (from Section5.4) in order to
compute a re ned argument lter from the initial one. To eval uate the advantage of
this improved algorithm over Algorithm 1 (from Section 5.1), we performed experi-
ments with the two algorithms (again using the type-based renement heuristic tb ©
from Section 5.3). The following table shows that Algorithm 2 is indeed signi cantly
more powerful than Algorithm 1.

| AProVE Algorithm 2 | AProVE Algorithm 1

Successe 232 212
Failures 57 74
Timeouts 7 10

As mentioned in Section 1.3, preliminary versions of parts bthis paper appeared
in [Schneider-Kamp et al. 2007]. However, the table below elarly shows that the
results of Section 5 (which are new compared to [Schneiderd&np et al. 2007])
improve the power of termination analysis substantially. To this end, we compare
our new implementation that uses the improved type-based renement heuristic
(tb® and the improved re nement algorithm (Algorithm 2) from Se ction 5 with
the version of AProVE from the Termination Competition 2006 that only contains
the results of [Schneider-Kamp et al. 2007]. To nd argument lters, it uses a
simple ad-hoc heuristic which turns out to be clearly disadantageous to the new
sophisticated techniques from Section 5.

| AProVEth® | AProVE [Schneider-Kamp et al. 2007]

Successe 232 208
Failures 57 69
Timeouts 7 19

To run AProVE, for details on our experiments, and to access our collectio of
examples, we refer tohttp://aprove.informatik.rwth-aachen.de/eval/TOCL/
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7.2 Limitations

Our experiments also contain examples which demonstrate th limitations of our ap-
proach. Of course, our implementation inAProVE usually fails if there are features
outside of pure logic programming (e.g., built-in predicates, negation as failure,
meta programming, etc.). We consider the handling of meta-bgical features such
as cuts and meta programming as future work. We think that techniques from term
rewriting are especially well-suited to handle meta progranming as term rewriting
does not rely on a distinction between predicate and functio symbols.

In the following, we discuss the limitations of the approachwhen applying it for
pure logic programming. In principle, there could be three wints of failure:

(1) The transformation of Theorem 3.7 could fail, i.e., there could be a logic pro-
gram which is terminating for the set of queries, but not all corresponding terms
are terminating in the transformed TRS. We do not know of any such example.
It is currently open whether this step is in fact complete.

(2) The approach via dependency pairs (Theorem 4.4) can failo prove termination
of the transformed TRS, although the TRS is terminating. In particular, this
can happen because of the variable condition required for Teorem 4.4. This
is demonstrated by the following logic programP:

p(X) £ a(f(Y)):p(Y):
p(a(X)) { p(X):
a(a(Y)):

The resulting TRS Rp is

Pin (X) ! uz(ain (F(Y));X)
Uz (dout (F(Y)): X) 1 u2(pin (Y); X5 Y)
UW2(Pout (Y); X;Y ) 1 Pout (X)
Pin (9(X)) ! us(pin (X); X)
Uz(Pout (X);X) 1 Pout (9(X))
din (9(Y)) ! Gout (9(Y))

and there are the following dependency pairs.

Pin (X) I Qi (f(Y)) (67)

Pin (X) 1 Us(din (F(Y)): X) (58)

U1(Qout (F(Y)); X) 1 Pin (Y) (59)
U1(Gou (F(Y)); X) 1 Ua(pin (Y): X)) (60)
Pin (g(X )) ' Pin (X) (61)

Pin (9(X)) I Us(pin (X); X) (62)

We want to prove termination of all queries p(t) wheret is nite and ground
(i.,e., m(p;1) = in). Looking at the logic program P, it is obvious that they
are all terminating. However, there is no argument lter  such that (Rp)
and (DP (Rp)) satisfy the variable condition and such that there is no in nite
(DP (Rp);Rp; )-chain.
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To see this, note that if (P, )= ? or (g)= ? then we can build an in nite
chain with the last dependency pair where we instantiateX by the in nite term
0(g(:::). So, let (Pin) = (g) = flg. Due to the variable condition of the
dependency pair (59) we know (f) = (Qouw)= flgand 12 (U;). Hence, to
satisfy the variable condition in dependency pair (58) we mist set (g, ) = ?.
But then the last rule of (Rp) does not satisfy the variable condition.

(3) Finally it can happen that the resulting DP problem of The orem 4.4 is nite, but
that our implementation fails to prove it. The reason can be that one should
apply other DP processors or DP processors with other paranters. After
all, niteness of DP problems is undecidable. This is shown kg the following
example where we are interested in all querie$(t;;t2) where t; and t, are
ground terms:

f(X;Y) £ o(s(s(s(s(s(X))) ;Y):
f(s(X);Y) { (X Y):
g(s(S(S(S(S(s(X M) :Y) { fFEGY):

Termination can (for example) be proved if one uses a polynoial order with
coe cients from fO0;1;2; 3; 4; 5g. But the current automation does not use such
polynomials and thus, it fails when trying to prove terminat ion of this example.

While the DP method can also be used for non-termination prods if one consid-
ers ordinary rewriting, this is less obvious for in nitary ¢ onstructor rewriting. The
reason is that the main termination criterion is \complete" for ordinary rewriting,
but incomplete for in nitary constructor rewriting (cf. th e counterexample (2) to
the completeness of Theorem 4.4 above). Therefore, in orddp also prove non-
termination of logic programs, a combination of our method with a loop-clecker
for logic programs would be fruitful. As mentioned before, avery powerful non-
termination tool for logic programs is NTI [Payet and Mesnard 2006]. Our collection
of 296 examples contains 233 terminating examples (232 of ése can be success-
fully shown by AProVE), 52 non-terminating examples, and 11 examples whose
termination behavior is unknown. NTI can prove non-termination of 42 of the
52 non-terminating examples. Hence, a combination ofAProVE and NTI would
successfully analyze the termination behaviour of 274 of th 296 examples.

8. CONCLUSION

In this paper, we developed a new transformation from logic pogramsP to TRSs
Rp. To prove the termination of a class of queries forP, it is now su cient to
analyze the termination behavior of Rp on a corresponding class of terms w.r.t.
in nitary constructor rewriting. This class of terms is cha racterized by a so-called
argument lIter and we showed how to generate such argument ters from the
given class of queries folP. Our approach is even sound for logic programming
without occur check. To prove termination of in nitary rewr iting automatically, we
showed how to adapt the DP framework of [Arts and Giesl 2000; Gsl et al. 2005;
Giesl et al. 2006] from ordinary term rewriting to in nitary constructor rewriting.
Then the DP framework can be used for termination proofs ofRp and thus, for
automated termination analysis of P. Since any termination technique for TRSs
can be formulated as a DP processor [Giesl et al. 2005], now warsuch technique
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can also be used for logic programs.

In addition to the results presented in [Schneider-Kamp et & 2007], we showed
that our new approach subsumes the classical transformatival approach to termi-
nation analysis of logic programs. We also provided new heistics and algorithms
for re ning the initial argument lter that improve the powe r of our method (and
hence, also of its implementation) substantially.

Moreover, we implemented all contributions in our termination prover AProVE
and performed extensive experiments which demonstrate thizour results are indeed
applicable in practice. More precisely, due to our contribuions, AProVE has become
the currently most powerful automated termination prover for logic programs.
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