Termination of Nested and Mutually Recursive Algorithms^∗

Jürgen Giesl FB Informatik, Technische Hochschule Darmstadt, Alexanderstr. 10, 64283 Darmstadt, Germany Email: giesl@inferenzsysteme.informatik.tu-darmstadt.de

Abstract This paper deals with automated termination analysis for functional programs. Previously developed methods for automated termination proofs of functional programs often fail for algorithms with nested recursion and they cannot handle algorithms with mutual recursion.

We show that termination proofs for nested and mutually recursive algorithms can be performed without having to prove the correctness of the algorithms simultaneously. Using this result, nested and mutually recursive algorithms do no longer constitute a special problem and the existing methods for automated termination analysis can be extended to nested and mutual recursion in a straightforward way. We give some examples of algorithms whose termination can now be proved automatically (including well-known challenge problems such as McCarthy’s f 91 function).

1 Introduction

Termination of algorithms is a central problem in software development. For an automation of program verification, termination proofs have to be performed mechanically, i.e. without human support. Of course, as the halting problem is undecidable, there is no procedure to prove or disprove termination of all algorithms.

While most work on the automation of termination proofs has been done in the areas of term rewriting systems (e.g. [2, 11, 17, 20, 28]) and logic programs (e.g. [26, 27, 30]), in this paper we focus on automated termination proofs of functional programs.

To prove the termination of a functional program there has to be a wellfounded ordering such that the arguments in each recursive call are smaller

∗Technical Report IBN 96/30, Technische Hochschule Darmstadt. Revised version appeared in the Journal of Automated Reasoning.

than the corresponding inputs. (An ordering ≻ is well founded if there exists no infinite descending chain x_1 ≻ x_2 ≻ . . .) A well-known method for automated termination proofs of lisp functions has been implemented in the nqthm system of R. S. Boyer and J S. Moore [5]. Their method has also been adapted for termination proofs in other areas, e.g. an adaptation of this technique for conditional term rewriting systems can be found in [4]. Alternative techniques for automated termination proofs of functional programs have for instance been proposed by C. Walther [31, 33], by P. Manoury and M. Simonot [21], and by F. and H. R. Nielson [24]. These methods have a higher degree of automation than the approach of Boyer and Moore, but they are restricted to (lexicographic combinations of) one single fixed well-founded ordering. Recently, we presented an extension of Walther’s technique to arbitrary polynomial orderings [14] and we also developed a method to generate suitable well-founded orderings for termination proofs automatically [15].

But a drawback of all these approaches for automated termination analysis of functional programs is that they often fail for algorithms with nested recursion (i.e. algorithms f with recursive calls of the form f(. . . f(. . .) . . .) ) and that they cannot be used for mutually recursive algorithms (e.g. algorithms f and g where f calls g and g calls f). Algorithms with nested or mutual recursion are used frequently in practice, especially when operating on mutually recursive data structures (for instance term and termlist, cf. Appendix C).

Let f be an algorithm where evaluation of f(t) leads to a nested recursive call f(f(r)). To prove termination of the algorithm f we have to show that both the argument r of the inner recursive call and the argument f(r) of the outer recursive call are smaller than the corresponding input t. But to compare t with f(r) we need to know what the algorithm f is doing! So at first sight it seems that termination of algorithms with nested (and also with mutual) recursion cannot be proved if we do not already know the semantics of the algorithms and if the correctness of the algorithms is not proved simultaneously.

The usual approach for termination proofs of such algorithms f is to let the human provide an alternative specification g which is not nested or mutually recursive. Then termination and correctness are proved simultaneously by verifying the equivalence of f and g, cf. [6, 8, 18, 23, 25]. Hence, such termination proofs do not work fully automatically. For that reason the handling of nested and mutual recursion is often regarded as one of the main challenge problems in automated termination analysis.

In this paper we show that (surprisingly) termination proofs for algorithms with nested or mutual recursion can be performed without having to prove the correctness of the algorithms. Hence, all methods for automated termination proofs of functional programs can be directly extended to mutual recursion and to those nested recursions that had to be excluded up to now. This for instance enables an automated termination proof for algorithms like McCarthy’s f 91 function.

After a short introduction to termination proofs in Section 2 we show the special problems arising from nested recursion in Section 3 and illustrate why the usual methods for automated termination proofs exclude most algorithms with nested recursion. In Section 4 we present the first main result of the paper which states that termination of algorithms with nested recursion can be proved without having to prove the correctness of the algorithms.

In Section 5 we consider mutual recursion. We introduce a termination criterion for mutually recursive algorithms and in Section 6 we illustrate that in general mutual recursion leads to a problem similar to the one imposed by nested recursion. Therefore we transfer our result from nested to mutual recursion. We prove a theorem which allows us to extend any method for termination proofs of functional programs to mutual recursion in a straightforward way. Hence, nested and mutual recursion do not constitute a special problem and no special techniques are needed to prove termination of such algorithms. We end up with a short conclusion and an appendix with some examples to illustrate the significance of our result.

2 Simple Termination Proofs

In this paper we treat an eager functional language with algebraic data types and pattern matching (where the patterns should be exhaustive). To simplify the presentation we restrict ourselves to non-parameterized types and first order functions only. (The mentioned methods for termination analysis also work for polymorphic types and Nielson and Nielson [24] presented a type inference system which allows an extension of methods for termination analysis of first order functions to higher order functions.)

As an example consider the algorithm half. It operates on the algebraic data type nat for natural numbers whose objects are built with the nullary constructor 0 and the unary constructor s : nat → nat (for the successor function).

function half : nat → nat half(0) = 0 half(s(0)) = 0 half(s(s(x))) = s(half(x))

To prove termination of an algorithm f with a recursive case^1 f(t) = . . . f(r) . . . one has to show that in each recursive call some measure is decreased. For

1In general, the equations of an algorithm may also have conditions, i.e. cases may have the form φ → f(t) = . . . f(r) . . . All our results can be directly transferred to such algorithms (see Appendix A and C).

that purpose a measure function |.| is used which maps data objects t to elements |t| of a well-founded set (e.g. to IN). Then one has to verify that the number |t| is greater than the number |r|.

For instance, termination of half can be proved by comparing data objects x by their size |x|_#, where the size of an object of data type nat is the number it represents (i.e. the number of s-occurrences it contains). Then |s(s(x))|_# > |x|_# holds for all instantiations of x with terms built from 0 and s. Hence, termination of half is proved.

All methods for termination analysis known from the literature use measure functions, i.e. all these methods prove termination according to the procedure sketched in Figure 1.

Algorithm f(t) = . . . f(r) . . . : :

Inequalities |t| ≻ |r|

|t| ≻ |r| Prove Inequalities (2)

terminates” termination”

“Cannot prove

“Algorithm

(1) Generate Measure Function |.| and Well-Founded Ordering ≻

Figure 1: The Structure of Simple Termination Proofs.

So proving termination of an algorithm consists of two tasks (1) and (2): First, one has to choose a suitable measure function |.| (and a corresponding well-founded ordering ≻). While the methods of Nielson and Nielson [24] and of Walther [33] work with a fixed measure function (up to lexicographic combinations), the methods of Boyer and Moore [5] and our refinement in [14] can handle “arbitrary” measure functions which have to be provided by the user. The method we presented in [15] even tries to synthesize a suitable measure function automatically.

Subsequently (in task (2)), one has to verify that for all instantiations the measure of one term is greater than the measure of another term (i.e. one has to prove inequalities like |s(s(x))|_# > |x|_#). This is usually done automatically by either using special (efficient) calculi (like the estimation calculus of Walther [33] or methods for proving polynomial inequalities, e.g. [3, 13, 20, 28]) or by applying a general automated theorem prover (as in the method of Boyer and Moore [5]).

In this way, it is also possible to prove termination of certain algorithms with nested recursion, e.g. Ackermann’s well-known function.

function ack : nat × nat → nat

ack(0, y) = s(y) ack(s(u), 0) = ack(u, s(0)) ack(s(u), s(v)) = ack(u, ack(s(u), v))

As ack is a binary function, we now have to compare pairs of data objects, i.e. we need a measure function on tuples of data objects. For instance, we can map each data object t to its size |t|_#, and to compare tuples of natural numbers we can use a lexicographic ordering. Using this measure function for the termination proof of an algorithm f with a recursive case f(t_1, t_2) = . . . f(r_1, r_2) . . . , we have to show that for each recursive call f(r_1, r_2) the inequality (|t_1|_#, |t_2|_#) >_{lex} (|r_1|_#, |r_2|_#) holds (i.e. |t_1|_# > |r_1|_# holds or both |t_1|_# = |r_1|_# and |t_2|_# > |r_2|_# hold).

To prove termination of ack with this measure function we therefore have to verify the following inequalities.

(|s(u)|_#, |0|_#) >_{lex} (|u|_#, |s(0)|_#), (1) (|s(u)|_#, |s(v)|_#) >_{lex} (|u|_#, |ack(s(u), v)|_#), (2) (|s(u)|_#, |s(v)|_#) >_{lex} (|s(u)|_#, |v|_#). (3)

Inequality (2) results from the outer recursive call of ack’s last case and (3) results from the inner recursive call. These inequalities can be verified, as in (1) and (2) the first argument is decreasing and in (3) the first argument remains the same but the second one is decreasing. Therefore termination of ack is proved.

Note that to prove inequality (2) we do not have to compute |ack(s(u), v)|_# because the first argument is decreasing and therefore we do not have to consider the second argument. Hence, the semantics of ack are completely irrelevant for this termination proof. For that reason all mentioned approaches for termination analysis of functional programs are able to prove termination of ack. But in the next section we illustrate that if the termination proof were to rely on the result of |ack(s(u), v)|_# then all these approaches would fail.

3 Termination Proofs with Induction Lemmata

In the examples of the last section the inequalities needed for the termination proofs could be easily verified. In this section we consider algorithms f which call other algorithms g in their recursive calls such that termination of f depends on the semantics of g.

The methods of Manoury and Simonot [21] and of Nielson and Nielson [24] cannot handle such algorithms f, but all other mentioned methods for automated termination analysis can prove termination of such algorithms by using so-called induction lemmata. As an example, consider the following algorithm log, which computes the dual logarithm using the algorithm half.

function log : nat → nat log(0) = 0 log(s(0)) = 0 log(s(s(y))) = s(log(s(half(y))))

To prove termination of log with the size measure, we have to verify the following inequality.

|s(s(y))|_# > |s(half(y))|_# (4) For the verification of this inequality we have to consider the semantics of the algorithm half because s(s(y)) has to be compared with the data object resulting from s(half(y)) by evaluation of the algorithm half. Therefore for proving (4) we use the following induction lemma about half, which states that half always returns a value smaller than or equal to its argument.

|y|_# ≥ |half(y)|_# (5)

Using this lemma inequality (4) can easily be proved. The reason is that by lemma (5), |s(y)|_# is greater than or equal to |s(half(y))|_# and therefore instead of (4) it is sufficient to prove

|s(s(y))|_# > |s(y)|_#, (6)

which is obviously true.

An induction lemma about some operation g points out that the operation g is argument-bounded [31, 33], i.e. the result of g(x_1, . . . , x_n) is always smaller than or equal to one of its arguments x_i (for some measure |.|). In the following we use the notation x^∗ to abbreviate a tuple x_1, . . . , x_n. Then induction lemmata have the following form^2 |x_i| ⪰ |g(x^∗)|, (7) where ≻ is a well-founded ordering.

Termination proofs with induction lemmata proceed as follows. To prove termination of an algorithm f with a recursive case f(t) = . . . f(. . . g(r^∗) . . .) . . . we have to verify the inequality |t| ≻ | . . . g(r^∗) . . . |. (8) 2To ease readability we restrict ourselves to induction lemmata of this form, but the presented results can also be extended to induction lemmata of a more general form. In general, induction lemmata may also have conditions (e.g. φ → |x_i| ⪰ |g(x^∗)|), they may also be strict inequalities (e.g. φ → |x_i| ≻ |g(x^∗)|), and |g(x^∗)| may also be estimated by a combination of the measures |x_1|, . . . , |x_n| (e.g. φ → P (|x_1|, . . . , |x_n|) ⪰ |g(x^∗)|, where P is some operation on the corresponding well-founded set, cf. Appendix A).

For that purpose one looks for an induction lemma about g (i.e. a lemma like (7)). Then we can use the instantiated induction lemma |r_i| ⪰ |g(r^∗)| to estimate g by its i-th argument. Hence, instead of (8) it is now sufficient to prove |t| ≻ | . . . r_i . . . |. (9) This transformation of (8) to (9) (i.e. the replacement of g(r^∗) by r_i) is called estimation of g according to the induction lemma (7). For instance, (4) was transformed into (6) by estimation of half according to the induction lemma (5). By repeated estimations according to induction lemmata the original inequality (8) can be transformed into an inequality like (6) containing only variables and constructors, but no calls of algorithms like g any more. Then this resulting inequality can be verified, cf. Section 2 (task (2)).

Of course such an estimation of a function g within a term is only possible if the function occurs at a position that is monotonic, i.e. replacing g(r^∗) by something greater must also increase the measure of the whole term . . . g(r^∗) . . . For instance, in the term s(half(y)) the function symbol half may be estimated because replacing half(y) by something greater increases the size of s(half(y)). The reason is that s is monotonic under the size measure (i.e. |u|_# > |v|_# implies |s(u)|_# > |s(v)|_#)^3.

Now proving termination with induction lemmata consists of four tasks, cf. Figure 2. Apart from methods to synthesize appropriate measure functions (task (1)) and to prove inequalities (task (2)) one needs techniques to generate and to prove suitable induction lemmata (tasks (3) and (4)).

While in the method of Boyer and Moore [5] induction lemmata have to be provided by the user (task (3)) and have to be verified with their induction theorem proving system (task (4)), in the method of Walther [31, 33] and in our extensions of his method [14, 15] induction lemmata like (5) can be synthesized automatically. These synthesized induction lemmata do not have to be verified as their soundness is guaranteed by construction. So Figure 2 shows the general structure of termination analysis for functional programs and the mentioned approaches for automated termination proofs only differ in the techniques (and in the degree of automation) they use for solving the tasks (1) - (4). The aim of this paper is to show that any approach working according to Figure 2 can also be directly applied to nested and mutually recursive algorithms.

Of course instead of using induction lemmata, one could also try to prove inequalities like (8) directly. But the advantage of induction lemmata is that difficult facts (viz. that certain operations are measure decreasing) are established once and for all (by an induction proof). Then by applying induction

3As most measure functions are defined in terms of the constructors, usually monotonicity (under such a measure) can only be easily proved for constructors like s. Therefore when estimating g within a term . . . g(r^∗) . . . , we assume that all function symbols in . . . g(r^∗) . . . at positions above g(r^∗) are constructors. For that reason we always demand that within a term outermost non-constructor symbols must be estimated first (i.e. in an inequality |t| ≻ |g_1(g_2(r))|, g_1 must be estimated before estimating g_2).

Algorithm f(t^∗) = . . .f(r^∗). . . : :

|xi| ⪰ |g(x^∗)| Induction Lemmata

Prove (4) Inequalities |t^∗| ≻ |r^∗|

|t^∗| ≻ |r^∗| Prove Inequalities (2)

terminates” termination”

“Cannot prove

“Algorithm

(1) Generate

Measure Function |.| and Well-Founded Ordering ≻

(3) Generate Induction Lemmata |xi| ⪰ |g(x^∗)|

Database of Induction Lemmata

Figure 2: The Structure of Termination Proofs with Induction Lemmata.

lemmata, subsequent termination proofs (task (2)) are usually quite simple, i.e. they can often be accomplished without induction, cf. [5].

So induction lemmata like (5) have to be proved by induction. As (5) contains a call of the function half, this call suggests a plausible induction, i.e. we base the induction on the recursions of the algorithm half and use the variable y as induction variable. This technique for choosing appropriate induction relations and induction variables is commonly used in the area of automated induction theorem proving [5, 7, 32].

The process to prove (5) by an induction based on the recursions of half proceeds in three steps: First, we use a case analysis w.r.t. the cases of the algorithm half. In the following we underline instantiations of the induction variable y to ease readability. So (5) is transformed into the inequalities

|0|_# ≥ |half(0)|_#, |s(0)|_# ≥ |half(s(0))|_#, |s(s(x))|_# ≥ |half(s(s(x)))|_#.

Now we perform one symbolic evaluation step w.r.t. the algorithm half, i.e. we replace each term half(t) by the result of its corresponding defining equation. This yields

|0|_# ≥ |0|_#, (10) |s(0)|_# ≥ |0|_#, (11) |s(s(x))|_# ≥ |s(half(x))|_#. (12)

Finally, validity of the resulting inequalities must be verified (where the corresponding induction hypotheses may be used). In our example, the inequalities (10) and (11) resulting from the first two non-recursive cases are obviously true. The third recursive case of half corresponds to the step case of our induction proof. Therefore in the verification of (12) we can assume that (5) already holds for the argument of half’s recursive call, i.e. we can use the induction hypothesis

|x|_# ≥ |half(x)|_#. (13)

So the induction hypothesis allows us to estimate half(x) by x. In this way, inequality (12) can be transformed into |s(s(x))|_# ≥ |s(x)|_# which is obviously valid.

As the above kind of induction proof can easily be automated (see for instance [5, 7, 32]) most of the methods mentioned for automated termination analysis of functional programs can prove termination of log by performing the above induction proof automatically [5, 14, 15, 31, 33].

The above induction proof for lemma (5) is sound, because the induction is based on a well-founded relation. The reason is that the algorithm half is terminating and therefore the relation described by its recursions is well founded. So to ensure well-foundedness of this induction relation we must have proved the termination of half before proving the termination of log.

In general, in the termination proof of an algorithm f which calls g, induction lemmata |x_i| ⪰ |g(x^∗)| about g are needed. Such induction lemmata are proved by an induction based on the recursions of g and the variables x^∗ are used as induction variables^4. Well-foundedness of this induction relation is ensured, if before proving termination of an algorithm f we have proved termination of all algorithms g occurring in the arguments of f’s recursive calls. But this requirement of course leads to problems if f has nested recursion.

function nest : nat → nat nest(0) = 0 nest(s(x)) = nest(nest(x))

To prove termination of the algorithm nest (from [33]) with the size measure the following inequalities have to be verified.

|s(x)|_# > |nest(x)|_#, (14) |s(x)|_# > |x|_#. (15)

Inequality (15) resulting from the inner recursive call can be proved, but the truth of (14) relies on the semantics of nest. So in contrast to ack, for nest we have to consider its own semantics in its termination proof.

Of course one possibility for nest’s termination proof is to prove its termination and its correctness simultaneously. (This is the usual approach for proving termination of nested recursion, cf. [6, 8, 18, 23, 25].) If we knew the specification nest(x) = 0 and if we knew that nest was partially correct with respect to

4It may also be possible to use a so-called measured subset of x^∗ as induction variables, cf. [5, 32].

this specification, then in inequality (14) we could replace nest(x) by 0 and the inequality could be verified.

But as we are interested in an automated termination proof, we cannot follow this approach. The reason is that in general it is not possible to derive specifications like nest(x) = 0 from an algorithm automatically. Moreover, usually the functions computed by algorithms are much more complex than the constant function 0 and cannot be represented in such an easy way.

Another possibility for the termination proof of the algorithm nest is to transform nest into a term rewriting system and to prove its termination instead. In our (simple) example, termination of the resulting term rewriting system can for instance be proved using the recursive path ordering [10].

Functional programs in our language can be regarded as a special type of (conditional) term rewriting systems with an innermost evaluation strategy. But due to their special form and due to this evaluation strategy it is possible to use a different approach for termination proofs of functional programs than is necessary for term rewriting systems. For instance, for functional programs it is sufficient to compare the input arguments with the arguments in the corresponding recursive calls, while for term rewriting systems left and right hand sides of all rules have to be compared, cf. [1, 11].

Therefore by the transformation of functional programs into a term rewriting system we impose unnecessarily strong requirements for the termination proof. For instance consider the following algorithm which results from nest by adding a second argument.

function nest2 : nat × nat → nat nest2(0, y) = 0 nest2(s(x), y) = nest2(nest2(x, s(x)), y)

If we regard nest2 as an algorithm (i.e. if only inputs and recursive calls have to be compared), then termination of nest2 can be proved in the same way as termination of nest. For that purpose pairs of natural numbers have to be measured by the size of the first number, i.e. |s(x), y| = |s(x)|_#.

But if we regard nest2 as a term rewriting system then its termination cannot be proved with any of the orderings commonly used^5 for term rewriting systems. The reason is that virtually all these orderings ≻ are so-called simplification orderings [10, 28], i.e. they are monotonic (t ≻ r implies f(. . . t . . .) ≻ f(. . . r . . .)) and possess the subterm property (f(. . . t . . .) ≻ t). But as the term rewriting system resulting from nest2 contains the rule

nest2(s(x), y) → nest2(nest2(x, s(x)), y),

5We only refer to those orderings that are amenable to automation. There also exist classes of orderings which can orient every terminating term rewriting system (e.g. semantical path orderings [17] or transformation orderings [2]). But the disadvantage of these powerful approaches is that up to now there are only very few suggestions for their automated generation [29].

it cannot be oriented by any of these orderings.

So the approach of proving termination and correctness simultaneously is not suited for automation and the approach of transforming functional programs into a term rewriting system imposes requirements so strong that (automated) termination proofs often fail.

Therefore we intend to prove termination of algorithms like nest (or nest2) in the same way as we proved termination of log, i.e. for proving inequality (14) we use the induction lemma

|x|_# ≥ |nest(x)|_#. (16)

Then by estimation of nest according to this induction lemma for inequality (14) it is sufficient to prove |s(x)|_# > |x|_# (which obviously holds).

As (16) is an induction lemma about nest, we prove it by an induction based on the recursions of the algorithm nest. By case analysis and one symbolic evaluation step w.r.t. the algorithm nest, (16) is transformed into the inequalities

|0|_# ≥ |0|_#, (17) |s(x)|_# ≥ |nest(nest(x))|_#. (18)

Inequality (17) is obviously true. For inequality (18) which results from the recursive case of nest we can assume as induction hypotheses that (16) is true for the arguments of both recursive calls of nest, i.e. we have two induction hypotheses

|nest(x)|_# ≥ |nest(nest(x))|_#, (19) |x|_# ≥ |nest(x)|_#. (20)

So due to the first induction hypothesis (19) we can estimate nest(nest(x)) by nest(x). In this way, inequality (18) is transformed into |s(x)|_# ≥ |nest(x)|_#. By the second induction hypothesis (20), nest(x) can be estimated by x. Hence, inequality (18) is transformed further into the valid inequality |s(x)|_# ≥ |x|_#.

Hence, the needed induction lemma (16) about nest can easily be proved automatically by induction. But recall that induction proofs are only sound if the induction relation used is well founded. In our example we used the relation described by the recursions of the algorithm nest as induction relation for the proof of the induction lemma (16). This relation is well founded if nest is terminating.

So in the proof for nest’s termination we do not know whether this induction relation is well founded, because for that purpose we would already have to know whether nest is terminating. But this is what we actually wanted to prove. Hence, it seems that the proof for the induction lemma (16) was not sound, i.e. that the proof of inequality (14) using induction lemma (16) does not imply nest’s termination.

The mentioned methods for automated termination analysis of functional programs only allow inductions based on the recursions of algorithms whose termination has been verified before (this ensures the well-foundedness of the induction relation used). Therefore none of them can prove termination of nest.

4 Induction Lemmata for Nested Recursion

We have shown that direct application of standard techniques for automated termination analysis to an algorithm with nested recursion like nest would perform an induction proof based on the recursions of the algorithm. As termination of the algorithm is not yet ensured, possibly the induction relation used is not well founded. Hence, this proof does not seem to be sufficient for the termination of the algorithm.

In this section we present the first main result of our paper, viz. that (surprisingly) the approach sketched above is nevertheless sound. In other words, to prove the induction lemmata needed for the termination of an algorithm f we can use an induction based on the recursions of f, although we do not yet know whether the relation described by these recursions is well founded. If all arguments in recursive calls can be shown decreasing by estimations according to these induction lemmata, then f is indeed terminating. Therefore our result enables the termination analysis techniques from the literature to be applied to algorithms with nested recursion like nest in a straightforward way.

The proof for our result relies on the following Lemma 1. It states that if an induction lemma like |x|_# ≥ |nest(x)|_# can be proved by an induction based on the recursions of nest, then the induction lemma is “partially correct”, i.e. if evaluation of nest(t) terminates for a ground term t, then the size of t is in fact greater than or equal to the size of the term resulting from evaluation of nest(t)^6.

The reason is that as the induction lemma |x|_# ≥ |nest(x)|_# could be proved by an induction based on nest’s recursions, the instantiation |t|_# ≥ |nest(t)|_# is true if |r|_# ≥ |nest(r)|_# holds for all such terms r where evaluation of nest(t) leads to a recursive call nest(r). But if nest(t) is terminating then nest(r) must also be terminating.

Hence, the original induction proof for

“ |x|_# ≥ |nest(x)|_# holds for all instantiations of x ”

6Similar results also hold for termination analysis in other areas. For instance, in the area of logic programming so-called interargument relations for predicates p are derived which also have a kind of partial correctness property: If p(t^∗) has a (finite) SLD-refutation for some ground terms t^∗ (i.e. if p(t^∗) belongs to the minimal Herbrand model of the program), then the interargument relation holds for p(t^∗), cf. [26].

can be regarded as an induction proof for the conjecture

“ |x|_# ≥ |nest(x)|_# holds for all instantiations of x with inputs where nest is terminating ”.

(21)

For the proof of (21) the original induction relation can be restricted to those inputs where nest is terminating. As this restricted induction relation is well founded (no matter whether nest is always terminating or not), validity of (21) is in fact proved.

Note that when proving the induction lemma |x|_# ≥ |nest(x)|_# by an induction based on the recursions of nest, the defining equations of nest were used to perform a symbolic evaluation step at the beginning of the proof (cf. Section 3). Here, the defining equations of possibly non-terminating functions may indeed be used for this inference step, although in general the unrestricted use of such equations can be unsound^7. So during the proof of an induction lemma |x_i| ⪰ |f(x^∗)| the defining equations of f may be used for the initial symbolic evaluation, i.e. for each case f(t^∗) = s of f instead of the inequality |t_i| ⪰ |f(t^∗)| it is sufficient to verify the inequality |t_i| ⪰ |s|. The reason is that if we restrict ourselves to those instantiations t^∗σ where f(t^∗σ) is terminating, then this symbolic evaluation is sound, because then f(t^∗σ) and sσ both evaluate to the same data object. Hence, induction lemmata proved in this way are partially correct.

Lemma 1 (Partial Correctness) Let f be a (possibly non-terminating) function, let |x_i| ⪰ |f(x^∗)| be an induction lemma which can be proved by an induction based on the recursions of f. Then this induction lemma is partially correct, i.e. if evaluation of f(t^∗) terminates for a tuple of ground terms t^∗, then the instantiated induction lemma |t_i| ⪰ |f(t^∗)| is valid.

Proof.

To ease readability let us abbreviate the induction lemma |x_i| ⪰ |f(x^∗)| by φ(x^∗) and let φ(t^∗) denote the instantiation of φ(x^∗) where all occurrences of x_1, . . . , x_n are replaced by the terms t_1, . . . , t_n respectively (i.e. φ(t^∗) abbreviates |t_i| ⪰ |f(t^∗)|). We prove Lemma 1 by induction with respect to the ordering where a tuple of ground terms t^∗ is greater than another tuple r^∗ iff evaluation of f(t^∗) is terminating and leads to the recursive call f(r^∗). Note that this relation is well founded, no matter whether f is always terminating or not.

In the base case, if f(t^∗) is terminating, then t^∗ must correspond to a nonrecursive case of f. As the induction lemma φ(x^∗) could be proved for the

7The reason is that the defining equations of a non-terminating function may be inconsistent with the axioms for the data structures used. As an example, consider a theory where s(x) ≠ x holds and let f have the defining equations f(0) = s(0) and f(s(y)) = s(f(s(y))). Together with the axiom s(x) ≠ x the second defining equation is inconsistent. Hence, if the defining equations of f were to be used as ordinary axioms one could prove anything, e.g. the induction lemma |x|_# ≥ |f(x)|_# could be proved although it is not partially correct (as |0|_# ≥ |f(0)|_# is not valid).

non-recursive cases of f (and as the initial symbolic evaluation step w.r.t. f is sound for non-recursive (and hence, always terminating) cases), the instantiated induction lemma φ(t^∗) must be valid for these ground terms t^∗.

In the step case evaluation of f(t^∗) leads to recursive calls of the form f(r^∗_1 ), . . . , f(r^∗_k). If f(t^∗) is terminating, then these calls f(r^∗_i ) must also be terminating. Hence, we can use as induction hypotheses that the instantiated induction lemmata φ(r^∗_1 ), . . . , φ(r^∗_k ) are valid.

The induction lemma φ(x^∗) could be proved by induction with respect to f’s recursions. So the following induction step formula^8 has been proved for every recursive case f(p^∗) = s, where s contains the f-terms f(q^∗_1 ), . . . , f(q^∗_k).

φ(q^∗_1 ) ∧ . . . ∧ φ(q^∗_k ) → φ(p^∗). (22)

Therefore the formula

φ(r^∗_1 ) ∧ . . . ∧ φ(r^∗_k) → φ(t^∗) (23)

is an instantiation of a step formula (22) which could be verified during the induction proof of the induction lemma φ(x^∗). During the proof of (22) we performed a symbolic evaluation step and replaced f(p^∗) by s. This symbolic evaluation is sound for those instantiations of p^∗ where f is terminating. Hence, as f(t^∗) is terminating, this instantiated formula (23) is in fact valid and therefore validity of φ(r^∗_1 ), . . . , φ(r^∗_k ) implies φ(t^∗). □

If induction lemmata needed in the termination proof of an algorithm f can be proved by an induction based on f’s recursions, then by Lemma 1 these induction lemmata are partially correct, i.e. they are valid for all instantiations with such ground terms t^∗ where evaluation of f(t^∗) terminates. It remains to prove that partial correctness of these induction lemmata is already sufficient for the termination of f.

For instance by Lemma 1, |x|_# ≥ |nest(x)|_# (induction lemma (16) used in the termination proof of nest) is partially correct. Assume that nest is not always terminating. Then let s(t) be a minimal non-terminating input (i.e. its measure |s(t)|_# should be minimal among the non-terminating inputs). Evaluation of nest(s(t)) leads to the recursive call nest(nest(t)). As |s(t)|_# > |t|_# holds (inequality (15)), the minimality of s(t) implies that the inner call nest(t) must be terminating.

Then as t is a terminating input for nest, due to the partial correctness of induction lemma (16) its instantiation |t|_# ≥ |nest(t)|_# is valid. So this valid instantiation of induction lemma (16) allows us to estimate nest(t) by t. Hence (as |s(t)|_# > |t|_# holds), |s(t)|_# > |nest(t)|_# is valid, too. But then minimality of s(t) implies that nest(nest(t)) is terminating. So both the inner and the outer

8In this paper we only regard universally closed formulas of the form ∀ . . . φ where φ is quantifier free and we omit the quantifiers to ease readability. So for example, “φ_1 → φ_2” always is an abbreviation for “∀ . . . ( φ_1 → φ_2 )” where φ_1 and φ_2 are quantifier free formulas.

recursive call resulting from evaluation of nest(s(t)) are terminating. This is a contradiction to the assumption that s(t) is a non-terminating input. Hence, partial correctness of the induction lemma in fact implies termination of nest.

Summing up, nest’s inner recursive call is terminating (this can be proved without using induction lemmata). Therefore the instantiation of the partially correct induction lemma (16) with the argument of the inner recursive call must be valid. The outer recursive call of nest terminates, because its argument can be shown decreasing using an estimation according to this (valid) instantiation of the partially correct induction lemma.

Recall that in the termination proof of an algorithm f partially correct induction lemmata about f are not used as ordinary lemmata but they may only be used to estimate f by one of its arguments. The reason is that otherwise the use of partially correct lemmata could enable the proof of false facts^9. We formalize our result in the following theorem.

Theorem 2 (Induction Lemmata for Nested Recursion) Let f be an algorithm (possibly with nested recursion), let |.| be a measure function, let ≻ be a well-founded ordering. If for each recursive call in a case “f(t^∗) = . . . f(r^∗) . . .” the inequality |t^∗| ≻ |r^∗| can be verified, then f is terminating. In this verification f may be estimated according to induction lemmata, if these induction lemmata were proved by an induction based on the recursions of f.

Proof.

To ease readability we prove the theorem for a unary function f. The proof for functions with several arguments proceeds in an analogous way.

Assume that f is not always terminating. Then there exists a recursive case^{10} f(t) = . . . f(. . . f(. . .f(r_1). . . r_2 ) . . . r_k ) . . .

and a ground substitution σ such that tσ is a minimal non-terminating input (i.e. its measure |tσ| is minimal among the non-terminating inputs).

Evaluation of f(tσ) leads to the recursive calls f(r_1σ), . . . , f(r_kσ). By induction on the depth of the nesting we will prove that each recursive call f(r_iσ) is terminating. For that purpose we will show that |tσ| ≻ |r_iσ| is valid. Hence, as tσ is a minimal non-terminating input, the recursive calls f(r_iσ) must be

9For instance, if f is defined by the equation f(x) = f(x) then false would be a partially correct lemma. However, if false were to be used as an ordinary lemma then this would enable the proof of |x|_# > |x|_# although f is clearly not terminating. Therefore we introduced the notion of estimation to restrict the use of partially correct lemmata.

10In general, r_{i+1} may contain several occurrences of f-terms f(r^1_i ), . . . , f(r^m_i ). In the proof of Theorem 2 we only regard a case of the mentioned form to ease readability. (The extension of the proof to the general case is straightforward.)

terminating. But then evaluation of f(tσ) would terminate too, which leads to a contradiction.

In the base case of the induction we regard the argument r_1σ of the innermost recursive call. As r_1 contains no occurrence of f, in the proof of |t| ≻ |r_1| f cannot have been estimated according to an induction lemma. So no (partially correct) induction lemma about f has been used for proving |t| ≻ |r_1| and therefore this inequality must be valid. Hence, the instantiated inequality |tσ| ≻ |r_1σ| is also valid and therefore (due to the minimality of |tσ|) f(r_1σ) must be terminating.

In the induction step we have to prove termination of f(r_{i+1}σ) and as induction hypotheses we can assume termination of f(r_iσ), . . . , f(r_1σ). The inequality |t| ≻ | . . . f(r_i) . . . r_{i+1} | (24)

contains the f-terms f(r_i), . . . , f(r_1). Therefore in the verification of (24) an induction lemma |x| ⪰ |f(x)| about f may have been applied to estimate f(r_i) by r_i, which results in the inequality |t| ≻ | . . . r_i . . . |. Subsequently, (as r_i contains the f-term f(r_{i−1}) ) the induction lemma about f may again have been applied to estimate f(r_{i−1}) by r_{i−1} etc. and finally one may have estimated f(r_1) by r_1. If the estimations used in the verification of (24) were correct, then (24) would be valid. Hence, validity of |r_i| ⪰ |f(r_i)|, . . . , |r_1| ⪰ |f(r_1)| implies validity of (24).

But then the following instantiation of inequality (24), |tσ| ≻ | . . . f(r_iσ) . . . r_{i+1}σ |, (25)

can be verified in the same way as (24) by estimating f(r_iσ) by r_iσ etc. and finally estimating f(r_1σ) by r_1σ. Hence, validity of the instantiated induction lemmata |r_iσ| ⪰ |f(r_iσ)|, . . . , |r_1σ| ⪰ |f(r_1σ)| implies validity of the instantiated inequality (25).

Due to Lemma 1, the induction lemma |x| ⪰ |f(x)| is partially correct. Hence, as (by the induction hypotheses) r_iσ, . . . , r_1σ are terminating inputs for f, the instantiated induction lemmata |r_iσ| ⪰ |f(r_iσ)|, . . . , |r_1σ| ⪰ |f(r_1σ)| are valid. As validity of these instantiated induction lemmata suffices for the validity of the instantiated inequality (25), validity of (25) is ensured. Therefore (because of the minimality of |tσ|) f(r_{i+1}σ) must also be terminating. □

By Theorem 2 we can prove termination of algorithms with nested recursion (even if their own semantics are needed in their termination proofs) in the same way as we prove termination of other algorithms. Induction lemmata needed for their termination proofs can simply be proved by an induction based on their own recursions (although the well-foundedness of this induction relation is not yet ensured). If these termination proofs succeed, then such algorithms are indeed terminating.

Using our result for handling nested recursion it is now possible to prove termination of challenge problems like McCarthy’s f 91 function and Paulson’s norm2 function automatically (cf. the appendix). Moreover, this result can be extended to enable termination proofs for mutually recursive algorithms as will be demonstrated in the next sections.

5 A Termination Criterion for Mutual Recursion

To show termination of an algorithm f up to now we examined each recursive case f(t^∗) = . . . f(r^∗) . . . and proved that for some measure function |.|, the measure of the inputs |t^∗| is greater than the measure |r^∗| of the arguments in the corresponding recursive calls. This approach cannot be directly used for mutual recursion as can easily be illustrated with the following algorithms g and h.

function g : nat → nat

g(x) = h(x)

function h : nat → nat

h(x) = g(x)

Obviously both g and h are not terminating. But as neither g nor h have recursive cases of the form g(t) = . . . g(r) . . . , the usual approach for termination analysis would consider them as terminating. So for algorithms with mutual recursion it is not sufficient only to examine their own recursive calls.

Instead we have to prove termination of both g and h simultaneously. A first approach would be not to distinguish between g and h in the termination proof. Then calls of h occurring in the definition of the algorithm g would also be considered as recursive calls. For the termination of g and h we would therefore have to find a measure |.| such that |x| ≻ |x| holds. Of course such a measure does not exist.

This termination criterion for mutually recursive algorithms is sound, but in general its requirements are too strong, i.e. with this approach most termination proofs for mutually recursive algorithms will fail. As an example regard the mutually recursive algorithms even and odd.

function even : nat → bool even(0) = true even(s(x)) = not(odd(s(x))) (26) function odd : nat → bool odd(0) = false odd(s(x)) = even(x) (27)

With the above approach we would not distinguish between even and odd in the termination proof. Therefore we would have to find a measure |.| such that the inputs of even are always greater than the corresponding arguments in the resulting call of odd and similarly the inputs of odd must always be greater than the arguments of the resulting call of even. This leads to the following two inequalities resulting from (26) and (27) respectively. |s(x)| ≻ |s(x)|, (28) |s(x)| ≻ |x|. (29) But as the first inequality (28) is not satisfied by any measure function, termination of even and odd cannot be proved in this way.

Nevertheless even and odd are terminating. Therefore from now on we will not follow the approach to identify mutually recursive algorithms in their termination proof. Instead when comparing terms we will now consider for which of the mutually recursive algorithms a term serves as input.

If evaluation of even(t) leads to the call odd(r), then the term t as input of even should be greater than the term r as input of odd. Analogously, if evaluating odd(r) leads to the call even(q), then r as input of odd should be greater than q as input of even.

For instance, s(0) as input of even must be greater than s(0) as input of odd which in turn must be greater than 0 as input of even. Such a requirement is sufficient for termination, because then s(0) as input of even is greater than 0 as input of even. So in general, if evaluation of even(t) leads to calls of other mutually recursive algorithms which later call even(q), then t as input of even is greater than q as input of even.

Up to now in one termination proof we used the same measure function |.| for all terms. To distinguish terms by the algorithms they serve as input to, we will now use a different measure function |.|_f for each mutually recursive algorithm f. Then if t is input of even its measure is |t|_{even} and if t is input of odd its measure is |t|_{odd}. So for the termination proof of even and odd we use two different measure functions |.|_{even} and |.|_{odd} and instead of (28) and (29) we now have to prove the following inequalities (if the usual “greater than” relation > is used for the comparison).

|s(x)|_{even} > |s(x)|_{odd}, |s(x)|_{odd} > |x|_{even}.

These inequalities can be verified using the measure function |.|_{odd} with |0|_{odd} = 0, |s^i(0)|_{odd} = 2 i and the measure function |.|_{even} with |x|_{even} = |x|_{odd}+1.

Then the measure of the term s(0) is |s(0)|_{odd} = 2 if it is input for the algorithm odd and its measure is |s(0)|_{even} = 3 if it is input for even.

In general we use the following termination criterion for mutually recursive algorithms f_1, . . . , f_n: If there exist measure functions |.|_{f1} , . . . , |.|_{fn} and a well-founded ordering ≻ such that for each case “f_i(t^∗) = . . . f_j (r^∗) . . . ” the inequality |t^∗|_{fi} ≻ |r^∗|_{fj} is valid, then f_1, . . . , f_n are terminating. This termination criterion is sound, because if evaluation of f_i(t^∗) eventually leads to a call f_i(q^∗) then |t^∗|_{fi} ≻ |q^∗|_{fi} holds by the transitivity of ≻.

The termination criterion is also applicable for algorithms operating on mutually recursive data structures (like term and termlist). Algorithms over such data structures very often are mutually recursive, too (see e.g. the algorithm subst in Appendix C). Hence, by this termination criterion automatic termination analysis can be extended to this significant class of algorithms.

The idea of associating different measure functions with different function symbols was also used in the method for termination analysis of conditional rewrite systems by E. Bevers and J. Lewi [4]. An alternative approach to handle mutual recursion was suggested by L. Plümer [26] for termination analysis of logic programs. Here, the idea is to eliminate mutual recursion by program transformation.

Simple mutually recursive algorithms (such as even and odd) can easily be transformed into directly recursive ones by unfolding. But in general (e.g. for the examples in the next section) to eliminate mutual recursion one has to replace the mutually recursive algorithms f_1, . . . , f_n by a new function f which simulates f_1, . . . , f_n. Hence, f gets the name of the function it has to simulate as an additional argument, i.e. f(t^∗, i) corresponds to f_i(t^∗). Such a kind of transformation is always possible, even if f_1, . . . , f_n have different arities and types. But as then the resulting function f becomes very complex, for the sake of clarity we do not eliminate mutual recursion by program transformation, but use different measure functions for mutually recursive functions instead.

Note that these two alternative approaches to prove termination of mutually recursive functions are “equally powerful”, i.e. a termination proof of f_1, . . . , f_n with the measures |.|_{f1} , . . . , |.|_{fn} succeeds iff the termination proof of the transformed function f succeeds with the measure |.|, where |t^∗, i| equals |t^∗|_{fi} . Moreover, the special problems with induction lemmata about mutually recursive functions (which will be discussed in the next section) occur with both of the approaches.

6 Induction Lemmata for Mutual Recursion

In the preceding section we examined mutually recursive algorithms whose termination could be proved without induction lemmata. But in general mutually recursive algorithms f_1, . . . , f_n may contain calls of the form f_i(. . . f_j (. . .) . . .) (in particular, i = j is possible, i.e. nested recursion is a special case of mutual recursion).

As an example regard the following algorithm for list reversal by G. Huet and J.-M. Hullot [16, “brev”]. The objects of the data structure list (for lists of natural numbers) are built with the constructors empty : list and add : nat × list → list, where add(n, x) represents the insertion of n into the list x. Given a list add(n, x), the list reversal algorithm rev calls two other algorithms rev1 and rev2, where rev1(n, x) returns the first element of rev(add(n, x)) (i.e. the last element of add(n, x)) and rev2(n, x) returns the reversed list rev(add(n, x)) without its first element. Note that rev(rev2(m, x)) returns the list add(m, x) without its last element.

function rev : list → list

rev(empty) = empty rev(add(n, x)) = add(rev1(n, x), rev2(n, x))

function rev1 : nat × list → nat

rev1(n, empty) = n rev1(n, add(m, x)) = rev1(m, x)

function rev2 : nat × list → list

rev2(n, empty) = empty rev2(n, add(m, x)) = rev(add(n, rev(rev2(m, x))))

Termination of rev1 can easily be verified. To prove termination of the mutually recursive algorithms rev and rev2 we use the termination criterion of Section 5, i.e. we have to verify the following inequalities (again using the “greater than” relation > for the comparison):

|add(n, x)|_{rev} > |n, x|_{rev2}, (30) |n, add(m, x)|_{rev2} > |add(n, rev(rev2(m, x)))|_{rev} , (31) |n, add(m, x)|_{rev2} > |rev2(m, x)|_{rev} , (32) |n, add(m, x)|_{rev2} > |m, x|_{rev2}. (33)

Let |x|_{rev} measure twice the length of x (i.e. |empty|_{rev} = 0, |add(n, x)|_{rev} = |x|_{rev} + 2) and let |n, x|_{rev2} measure twice the length of x plus 1 (i.e. |n, x|_{rev2} = |x|_{rev} + 1). Then the inequalities (30) and (33) can be directly verified. But for the inequalities (31) and (32) we have to consider the semantics of rev and rev2. For that purpose we use the following induction lemmata stating that rev returns something smaller than or equal to its argument and that a similar statement holds for rev2 and its second argument (under the measure |.|_{rev}).

|y|_{rev} ≥ |rev(y)|_{rev} , (34) |z|_{rev} ≥ |rev2(k, z)|_{rev}. (35)

In other words, these induction lemmata say that reversing a list (resp. reversing it and deleting the first element) does not increase the length of the list. By estimation according to these lemmata, (31) is transformed into |n, add(m, x)|_{rev2} > |add(n, x)|_{rev} (which obviously holds) and (32) is transformed into the valid inequality |n, add(m, x)|_{rev2} > |x|_{rev}. Hence, with these induction lemmata termination of rev and rev2 can be verified.

To prove the induction lemmata (34) and (35) about rev and rev2 we proceed in a similar way as we did with nested recursion, i.e. we again use induction proofs based on the recursions of the algorithms rev and rev2 respectively.

We first sketch the proof of induction lemma (34) about rev. By case analysis and one symbolic evaluation step w.r.t. rev, (34) is transformed into

|empty|_{rev} ≥ |empty|_{rev}, (36) |add(n, x)|_{rev} ≥ |add(. . . , rev2(n, x))|_{rev} . (37)

The first inequality (36) is obviously valid. We prove the induction lemmata (34) and (35) simultaneously. Therefore when proving induction lemma (34) about rev, in the second case of rev we can use as induction hypothesis that induction lemma (35) about rev2 already holds for the arguments (n, x) of the call of rev2 in rev’s second case. Hence, we can use the induction hypothesis |x|_{rev} ≥ |rev2(n, x)|_{rev}. With this hypothesis (37) can be proved immediately.

Let us now consider induction lemma (35) about rev2. In the base case of rev2 this induction lemma can easily be verified. In the second case of rev2 we have to prove the following inequality (where we already performed one symbolic evaluation step w.r.t. rev2)

|add(m, x)|_{rev} ≥ |rev(add(n, rev(rev2(m, x))))|_{rev} . (38)

As induction hypotheses we can use that induction lemma (35) about rev2 already holds for the arguments of the corresponding recursive call of rev2 and that induction lemma (34) about rev already holds for the arguments of the corresponding calls of rev. Hence, we can use the following induction hypotheses for the proof of (38):

|x|_{rev} ≥ |rev2(m, x)|_{rev}, |rev2(m, x)|_{rev} ≥ |rev(rev2(m, x))|_{rev} , |add(n, rev(rev2(m, x)))|_{rev} ≥ |rev(add(n, rev(rev2(m, x))))|_{rev}.

With these hypotheses, validity of (38) can be shown.

To prove the induction lemmata (34) and (35) we have used a simultaneous induction based on the recursions of the algorithms rev and rev2. In general, to prove induction lemmata |x| ⪰ |f_1(x)|, . . . , |x| ⪰ |f_n(x)| by simultaneous induction based on the recursions of f_1, . . . , f_n for each induction lemma about f_i we use a case analysis with respect to the cases of f_i and perform one initial symbolic evaluation step w.r.t. f_i. If evaluation of f_i(t) leads to the call f_j (r), then we can use the induction hypothesis |r| ⪰ |f_j (r)| in the proof of |t| ⪰ |f_i(t)|.

This principle can of course be extended to functions with higher arity in a straightforward way. (Note that if we were to choose the alternative approach for handling mutual recursion (i.e. if we were to eliminate mutual recursion by program transformation) the same problem would occur, i.e. we also would have to prove two induction lemmata like (34) and (35) by simultaneous induction.)

This simultaneous induction is sound iff the relation described by the recursions of f_1, . . . , f_n is well founded (i.e. iff f_1, . . . , f_n are terminating). Of course in the termination proof of rev and rev2 we do not yet know whether the relation described by rev’s and rev2’s recursions is well founded. But similar to Lemma 1 for nested recursion, the following lemma shows that if induction lemmata about mutually recursive algorithms can be proved by simultaneous induction based on the recursions of the algorithms, then these lemmata are partially correct.

Lemma 3 (Partial Correctness for Simultaneous Induction) Let f_1, . . . , f_n be (possibly non-terminating and mutually recursive) functions, let |x_{i1} | ⪰ |f_1(x^∗)|, . . . , |x_{in} | ⪰ |f_n(x^∗)| be induction lemmata which can be proved by simultaneous induction based on the recursions of f_1, . . . , f_n. Then these induction lemmata are partially correct, i.e. if evaluation of f_j (t^∗) terminates for a tuple of ground terms t^∗, then the instantiated lemma |t_{ij} | ⪰ |f_j (t^∗)| is valid.

Proof.

The lemma can be proved in the same way as Lemma 1 by induction with respect to the ordering where (t^∗, j) is greater than (r^∗, k) for two tuples of ground terms t^∗ and r^∗ iff evaluation of f_j (t^∗) is terminating and leads to the call f_k(r^∗). The reason is that as the induction lemmata could be proved by simultaneous induction based on the recursions of f_1, . . . , f_n, validity of |t_{ij} | ⪰ |f_j (t^∗)| only depends on the truth of such instantiations |r_{ik} | ⪰ |f_k(r^∗)| where (t^∗, j) is greater than (r^∗, k). Again this relation is well founded, no matter whether f_1, . . . , f_n are always terminating. □

Still, similar to Theorem 2 for nested recursion, it remains to prove that partial correctness of the induction lemmata used is sufficient for the termination of the algorithms f_1, . . . , f_n.

Theorem 4 (Induction Lemmata for Mutual Recursion) Let f_1, . . . , f_n be algorithms (possibly with mutual recursion), let |.|_{f1} , . . . , |.|_{fn} be measure functions, let ≻ be a well-founded ordering. If for each (mutually) recursive call in a case “f_i(t^∗) = . . . f_j (r^∗) . . .” the inequality |t^∗|_{fi} ≻ |r^∗|_{fj} can be verified, then f_1, . . . , f_n are terminating. In this verification f_1, . . . , f_n may be estimated according to induction lemmata, if these induction lemmata were proved by simultaneous induction based on the recursions of f_1, . . . , f_n.

Proof.

Again to ease readability we prove the theorem for unary functions f_1, . . . , f_n. The proof for functions with several arguments proceeds in an analogous way.

Assume that f_1, . . . , f_n are not always terminating. Then there exists a case f_i(t) = . . . f_{jk} (. . . f_{j2} (. . .f_{j1} (r_1). . . r_2 ) . . . r_k ) . . .

and a ground substitution σ such that tσ is a minimal non-terminating input (i.e. its measure |tσ|_{fi} is minimal among the non-terminating inputs for the functions f_1, . . . , f_n).

Evaluation of f_i(tσ) leads to the calls f_{j1} (r_1σ), . . . , f_{jk} (r_k σ). As in the proof of Theorem 2 it can be shown that each such call f_{jl} (r_lσ) is terminating by induction on the depth of the nesting. For that purpose one has to prove that |tσ|_{fi} ≻ |r_lσ|_{fjl} is valid (using Lemma 3). Hence, as tσ is a minimal nonterminating input, the calls f_{jl} (r_lσ) must be terminating. But then evaluation f_i(tσ) would be terminating too, which leads to a contradiction. □

This theorem constitutes the main result of the paper, i.e. it is now possible to extend existing methods for automated termination analysis to mutual recursion in a straightforward way. Induction lemmata about such algorithms can be used for estimations in their own termination proofs, if these lemmata could be be proved by simultaneous induction based on the recursions of the algorithms.

7 Conclusion

Up to now, all known methods for automated termination analysis of functional programs failed for algorithms f with nested recursion, if f’s own semantics had to be considered in its termination proof. The reason is that the induction lemmata about f needed for such termination proofs could not be proved as the induction relation described by f’s recursions was not yet known to be well founded. For a similar reason these termination analysis methods could not be used for mutually recursive algorithms. Therefore nested and mutual recursion were generally regarded as one of the main challenge problems in automated termination analysis.

In this paper we proved that the approach of estimating f according to induction lemmata in its own termination proof is nevertheless sound, if these lemmata were proved by an induction based on the recursions of f. This result implies that the direct use of well-known methods for automated termination analysis is also sound for nested and mutual recursion (i.e. termination of nested and mutually recursive algorithms can be proved according to the procedure in Figure 2). Hence, nested and mutual recursion constitute no special problem for termination analysis any more.

For instance, we can now automatically prove termination of challenge problems like Huet and Hullot’s “brev” algorithm for list reversal (Section 6),

McCarthy’s f 91 function (Appendix A), Paulson’s “norm2” algorithm (Appendix B), and of algorithms operating on mutually recursive data structures (e.g. “subst”, Appendix C). Of course the degree of automation depends on the methods used for termination analysis (i.e. on the techniques used for solving the four tasks in Figure 2). But for all examples in this paper these tasks can be solved automatically, i.e. it is even possible to synthesize suitable measure functions and induction lemmata by applying the termination analysis method we presented in [15] (using procedures for the automated generation of polynomial orderings [9, 13, 28]).

To illustrate the significance of our result, in this appendix we present three example algorithms whose termination can now be proved automatically. The first and the second algorithm constitute well-known challenge problems for termination analysis and the third algorithm is a typical example for mutual recursion occurring in practice.

A McCarthy’s f 91 function

The function f 91 is a challenge problem for termination analysis which is due to J. McCarthy [22]. It calls two other algorithms le (which computes the “less than or equal to” relation on natural numbers) and p (which computes the predecessor of a natural number, i.e. p(s(x)) = x and p(0) = 0). Let “s^{11}(x)” abbreviate the repeated application of s to x (eleven times) and let us write “100” instead of s^{100}(0). The function f 91(x) computes the number 91 for inputs that are smaller than or equal to 101 and for other inputs it computes x − 10 (i.e. p^{10}(x)).

function f 91 : nat → nat le(x, 100) → f 91(x) = f 91(f 91(s^{11}(x))) ¬le(x, 100) → f 91(x) = p^{10}(x)

Various methods for proving termination of f 91 have been suggested in the literature (see e.g. [6, 12, 18, 19]). But while these proofs were performed manually (resp. semi-automatically, i.e. the human had to provide the specification “f 91(x) = 91 for all x ≤ 101”), our result enables the first automated termination proof of f 91 (i.e. our result allows us to prove termination of f 91 according to the procedure of Figure 2).

We prove termination of f 91 using the following measure function |.|. The data object 0 is mapped to the number 100 (i.e. |0| = 100) and each data object s^i(0) is mapped to the number 100 − i (i.e. |s(x)| = |x| − 1). Note that data objects are now mapped to integers (instead of just naturals). To compare integers x, y we use the following well-founded ordering ≻ where x ≻ y holds if both x > y and x ≥ 0 hold. (Here, “>” and “≥” denote the usual relations on integers.) For termination of f 91 we therefore have to prove

le(x, 100) → |x| ≻ |f 91(s^{11}(x))|, (39) le(x, 100) → |x| ≻ |s^{11}(x)|. (40)

Inequality (40) holds, because |x| > |s^{11}(x)| (= |x| − 11) is valid and because |x| ≥ 0 holds if le(x, 100) is true. But for inequality (39) due to f 91’s nested recursive call we need the following induction lemma^{11} about f 91:

|x| + 10 ⪰ |f 91(x)|. (41)

By estimation of f 91 according to this induction lemma inequality (39) is transformed into le(x, 100) → |x| ≻ |s^{11}(x)| + 10.

This inequality is valid, because |x| > |s^{11}(x)| + 10 (= |x| − 11 + 10) is valid and because |x| ≥ 0 holds if le(x, 100) is true.

To ensure partial correctness of the induction lemma (41) we prove it by an induction based on the recursions of f 91. In the (second) base case of f 91 we have to show (after symbolic evaluation of f 91)

¬le(x, 100) → |x| + 10 ⪰ |p^{10}(x)|. (42)

To prove this inequality we have to consider the semantics of p, i.e. we also need an induction lemma about p: |y| + 1 ⪰ |p(y)|. (43) With the induction lemma (43) inequality (42) can be verified.

The induction lemma (43) about p can be proved by a case analysis (and symbolic evaluation) based on the algorithm p. In the first case we have to show |0| + 1 ⪰ |p(0)| (resp. |0| + 1 ⪰ |0|) which is true as 101 ≥ 100 holds. In the second case we have to prove |s(x)| + 1 ⪰ |p(s(x))| which is transformed into the valid inequality |s(x)| + 1 ⪰ |x| by symbolic evaluation of p. Hence, the induction lemma (43) about p is valid.

It remains to prove the step case for the induction lemma (41) about f 91. In this case (after symbolic evaluation of f 91) we have to show

le(x, 100) → |x| + 10 ⪰ |f 91(f 91(s^{11}(x)))|. (44)

11Note that this induction lemma has a more general form than the ones we used in the preceding examples (cf. Note 2). It is nevertheless again possible to synthesize this induction lemma and the above measure function automatically by the termination analysis method we presented in [15], if the condition le(x, 100) is expanded into the cases x = 0, . . . , x = 100 (and if a method for the generation of integer polynomial orderings is used, where polynomials are compared by the mentioned ordering ≻).

By estimation according to the induction hypotheses

|f 91(s^{11}(x))| + 10 ⪰ |f 91(f 91(s^{11}(x)))|,

|s^{11}(x)| + 10 ⪰ |f 91(s^{11}(x))|

one obtains the following inequality which is sufficient for (44).

le(x, 100) → |x| + 10 ⪰ |s^{11}(x)| + 20.

This inequality is true, because |x| + 10 > |s^{11}(x)| + 20 (= |x| − 11 + 20) is valid and because |x| ≥ 0 holds if le(x, 100) is valid.

Therefore induction lemma (41) is partially correct and hence, by Theorem 2 termination of f 91 is proved.

B Paulson’s Normalization Algorithm

The following normalization algorithm nm for conditional expressions (which is a modification of an algorithm presented by Boyer and Moore [5]) is a challenge problem proposed by L. C. Paulson [25, “norm2”]. To represent conditional expressions a data structure cexpr is used whose objects are built with the constructors at and if. The nullary function at represents an atomic expression and the function if : cexpr × cexpr × cexpr → cexpr is used to represent a conditional. Here, if(x, y, z) stands for “if x then y else z”.

The aim of the algorithm nm is to transform a conditional expression into an equivalent expression whose condition is atomic. The algorithm is based on the fact that the expression “if (if u then v else w) then y else z ” is equivalent to “if u then (if v then y else z) else (if w then y else z)”.

function nm : cexpr → cexpr

nm(at) = at nm(if(at, y, z)) = if(at, nm(y), nm(z)) nm(if(if(u, v, w), y, z)) = nm(if(u, nm(if(v, y, z)), nm(if(w, y, z))))

We prove termination of nm using the following measure function |.| (as suggested by Paulson): Atomic expressions are mapped to the number 1 (i.e. |at| = 1) and the mapping for conditionals is |if(x, y, z)| = |x|(1 + |y| + |z|). Then the following inequalities have to be verified. |if(at, y, z)| > |y|, (45) |if(at, y, z)| > |z|, (46) |if(if(u, v, w), y, z)| > |if(u, nm(if(v, y, z)), nm(if(w, y, z)))|, (47) |if(if(u, v, w), y, z)| > |if(v, y, z)|, (48) |if(if(u, v, w), y, z)| > |if(w, y, z)|. (49)

All inequalities except (47) can be proved directly. Due to nm’s nested recursive calls for inequality (47) we need the following induction lemma. |x| ≥ |nm(x)| (50) By estimation according to this induction lemma inequality (47) can be verified, because |if(if(u, v, w), y, z)| > |if(u, if(v, y, z), if(w, y, z))| holds. To ensure partial correctness of induction lemma (50) we prove it by an induction based on the recursions of nm. In the base case after symbolic evaluation of nm one obtains the obviously valid inequality |at| ≥ |at|.

In the first recursive case of nm after symbolic evaluation of nm we have to verify |if(at, y, z)| ≥ |if(at, nm(y), nm(z))| This inequality can be proved using the induction hypotheses |y| ≥ |nm(y)| and |z| ≥ |nm(z)|. In nm’s second recursive case (after symbolic evaluation of nm) we have to show |if(if(u, v, w), y, z)| ≥ |nm(if(u, nm(if(v, y, z)), nm(if(w, y, z))))|. (51) We can use the following induction hypotheses |if(u, nm(if(v, y, z)), nm(if(w, y, z)))| ≥ |nm(if(u, nm(if(v, y, z)), nm(if(w, y, z))))|, |if(v, y, z)| ≥ |nm(if(v, y, z))|, |if(w, y, z)| ≥ |nm(if(w, y, z))|. By estimation according to these induction hypotheses (51) is transformed into |if(if(u, v, w), y, z)| ≥ |if(u, if(v, y, z), if(w, y, z))|. As this inequality is valid, induction lemma (50) is partially correct and therefore by Theorem 2 termination of nm is proved.

C Mutually Recursive Data Structures

The following algorithms illustrate the (frequent) use of mutually recursive algorithms for operations on mutually recursive data structures. The algorithms subst and subst list are used to apply substitutions to terms. We use two data structures term and termlist. The data structure term has a unary constructor var : nat → term to represent variables. So different variables are indexed by different numbers (e.g. var(0), var(1) etc.). Moreover, the data structure term has a constructor func : nat × termlist → term. Hence, the term resulting from applying the function symbol with index 2 to the variables var(0) and var(5) is represented as func(2, [ var(0), var(5) ] ). We only regard varyadic function symbols (i.e. function symbols with variable arity).

The data structure termlist has a nullary constructor emptytermlist : termlist and the constructor addterm : term × termlist → termlist for the insertion of a term into a list. As term has a constructor whose argument is a termlist and as on the other hand termlist has a constructor which takes a term as input, these data structures are mutually recursive.

Algorithms operating on mutually recursive data structures often are mutually recursive, too. The algorithm subst(t, x, s) applies the substitution [x/s] to the term t, i.e. all occurrences of the variable with the index x in the term t are replaced by the term s. For that purpose subst calls the algorithm subst list which applies a substitution to a list of terms. As subst list in turn calls the algorithm subst, these two algorithms are mutually recursive.

function subst : term × nat × term → term subst(var(x), x, s) = s x ≠ y → subst(var(y), x, s) = var(y)

subst(func(z, l), x, s) = func(z, subst list(l, x, s))

function subst list : termlist × nat × term → termlist subst list(emptytermlist, x, s) = emptytermlist subst list(addterm(t, u), x, s) = addterm(subst(t, x, s), subst list(u, x, s))

Using the termination criterion from Section 5 we have to prove |func(z, l), x, s|_{subst} > |l, x, s|_{subst list}, |addterm(t, u), x, s|_{subst list} > |t, x, s|_{subst}, |addterm(t, u), x, s|_{subst list} > |u, x, s|_{subst list}.

Let |.| be the measure with |var(x)| = 0, |func(x, l)| = |l|+1, |emptytermlist| = 0 and |addterm(t, l)| = |t| + |l| + 1. Then these inequalities can be verified using the measure functions |t, x, s|_{subst} = |t, x, s|_{subst list} = |t|. Hence, termination of subst and subst list is proved.

Acknowledgements. I am grateful to Jürgen Brauburger, Stefan Gerberding, Thomas Kolbe, Michael Thielscher, and Christoph Walther for valuable comments and suggestions. This work was supported by the Deutsche Forschungsgemeinschaft under grant no. Wa 652/7-1 as part of the focus program “Deduktion”.

References

[1] Arts, T. and Giesl, J., ‘Termination of Constructor Systems’, in Proceedings of the 7th International Conference on Rewriting Techniques and Applications, New Brunswick, NJ, Lecture Notes in Computer Science 1103, Springer-Verlag (1996).

[2] Bellegarde, F. and Lescanne, P., ‘Termination by Completion’, Applicable Algebra in Engineering, Communication and Computing 1, 79-96 (1990).

[3] Ben Cherifa, A. and Lescanne, P., ‘Termination of Rewriting Systems by Polynomial Interpretations and its Implementation’, Science of Computer Programming 9(2), 137-159 (1987).

[4] Bevers, E. and Lewi, J., ‘Proving Termination of (Conditional) Rewrite Systems’, Acta Informatica 30, 537-568 (1993).

[5] Boyer, R. S. and Moore, J S., A Computational Logic, Academic Press (1979).

[6] Boyer, R. S. and Moore, J S., ‘The Addition of Bounded Quantification and Partial Functions to A Computational Logic and Its Theorem Prover’, Journal of Automated Reasoning 4, 117-172 (1988).

[7] Bundy, A., Stevens, A., van Harmelen, F., Ireland, A., and Smaill, A., ‘Rippling: A Heuristic for Guiding Inductive Proofs’, Artificial Intelligence 62, 185-253 (1993).

[8] Burstall, R. M., ‘Program Proving as Hand Simulation with a little Induction’, in Proc. IFIP Congress 74, Stockholm, Sweden, North-Holland (1974).

[9] Collins, G. E., ‘Quantifier Elimination for Real Closed Fields by Cylindrical Algebraic Decomposition’, in Proceedings of the Second GI Conference on Automata Theory and Formal Languages, Kaiserslautern, Germany, Lecture Notes in Computer Science 33, Springer-Verlag (1975).

[10] Dershowitz, N., ‘Orderings for Term-Rewriting Systems’, Theoretical Computer Science 17, 279-301 (1982).

[11] Dershowitz, N., ‘Termination of Rewriting’, Journal of Symbolic Computation 3(1, 2), 69-115 (1987).

[12] Feferman, S., ‘Proofs of Termination and the “91” Function’, in Artificial Intelligence and Mathematical Theory of Computation: Papers in Honor of John McCarthy (ed. V. Lifschitz), Academic Press (1991).

[13] Giesl, J., ‘Generating Polynomial Orderings for Termination Proofs’, in Proceedings of the 6th International Conference on Rewriting Techniques and Applications, Kaiserslautern, Germany, Lecture Notes in Computer Science 914, Springer-Verlag (1995).

[14] Giesl, J., ‘Automated Termination Proofs with Measure Functions’, in Proceedings of the 19th Annual German Conference on Artificial Intelligence, Bielefeld, Germany, Lecture Notes in Artificial Intelligence 981, Springer- Verlag (1995).

[15] Giesl, J., ‘Termination Analysis for Functional Programs using Term Orderings’, in Proceedings of the Second International Static Analysis Symposium, Glasgow, Scotland, Lecture Notes in Computer Science 983, Springer- Verlag (1995).

[16] Huet, G. and Hullot, J.-M., ‘Proofs by Induction in Equational Theories with Constructors’, Journal of Computer and System Sciences 25, 239-299 (1982).

[17] Kamin, S. and Levy, J.-J., ‘Two Generalizations of the Recursive Path Ordering’, Unpublished Note, Department of Computer Science, University of Illinois, Urbana, IL (1980).

[18] Katz, S. and Manna, Z., ‘A Closer Look at Termination’, Acta Informatica 5, 333-352 (1975).

[19] Knuth, D. E., ‘Textbook Examples of Recursion’, in Artificial Intelligence and Mathematical Theory of Computation: Papers in Honor of John Mc- Carthy (ed. V. Lifschitz), Academic Press (1991).

[20] Lankford, D. S., ‘On Proving Term Rewriting Systems are Noetherian’, Technical Report Memo MTP-3, Mathematics Department, Louisiana Technical University (1979).

[21] Manoury, P. and Simonot, M., ‘Automatizing Termination Proofs of Recursively Defined Functions’, Theoretical Computer Science 135, 319-343 (1994).

[22] Manna, Z. and McCarthy, J., ‘Properties of Programs and Partial Function Logic’, Machine Intelligence 5, 27-37 (1970).

[23] Moore, J, ‘A Mechanical Proof of the Termination of Takeuchi’s Function’, Information Processing Letters 9(4), 176-181 (1979).

[24] Nielson, F. and Nielson, H. R., ‘Termination Analysis based on Operational Semantics’, Technical Report, Aarhus University, Denmark (1995).

[25] Paulson, L. C., ‘Proving Termination of Normalization Functions for Conditional Expressions’, Journal of Automated Reasoning 2(1), 63-74 (1986).

[26] Plümer, L., Termination Proofs for Logic Programs, Lecture Notes in Artificial Intelligence 446, Springer–Verlag (1990).

[27] De Schreye, D. and Decorte, S., ‘Termination of Logic Programs: The Never-Ending Story’, Journal of Logic Programming 19, 20, 199-260 (1994).

[28] Steinbach, J., Termination of Rewriting — Extensions, Comparison and Automatic Generation of Simplification Orderings, Doctoral Dissertation, Universität Kaiserslautern, Germany (1994).

[29] Steinbach, J., ‘Automatic Termination Proofs with Transformation Orderings’, in Proceedings of the 6th International Conference on Rewriting Techniques and Applications, Kaiserslautern, Germany, Lecture Notes in Computer Science 914, Springer-Verlag (1995).

[30] Ullman, J. D. and van Gelder, A., ‘Efficient Tests for Top-Down Termination of Logical Rules’, Journal of the ACM 35(2), 345-373

[31] Walther, C., ‘Argument-Bounded Algorithms as as Basis for Automated Termination Proofs’, in Proceedings of the 9th International Conference on Automated Deduction, Argonne, IL, Lecture Notes in Computer Science 310, Springer-Verlag (1988).

[32] Walther, C., ‘Mathematical Induction’, in Handbook of Logic in Artificial Intelligence and Logic Programming, Vol. 2 (eds. D. M. Gabbay, C. J. Hogger, and J. A. Robinson), Oxford University Press (1994).

[33] Walther, C., ‘On Proving the Termination of Algorithms by Machine’, Artificial Intelligence 71(1), 101-157 (1994).