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Complexity Analysis for Integer Programs

@ Termination analysis of imperative programs: polynomial rank functions
@ Goal: use polynomial rank functions for complexity analysis

@ Problem: complexity from combination of polynomial rank functions

while i > 0 do
Termination: lexicographic combination of i—1i-1
A(x i) =1 x=x+1
fx,1) = x done
while x > 0 do
Complexity: quadratic J x=x—1
done

@ Solution: alternate between finding runtime and size bounds
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Goal: find complexity bounds w.r.t. ty:if(x > 0)

the sizes of the input variables y=y+1
x=x—1

e Runtime approximation function R(t):

bound on number of times that

transition t occurs In executions ts: |f('|_1 S 0) e
e.g. R(t1) = |x], if(z > 0) . t3:if(z > 0)
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@ Size approximation function S(t, v'): [z |:(u > 8)
. .. iz >
bound on |v| after using transition t u(: u _)1

in program executions y
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Overall runtime is bounded by R(t1) + ...+ R(ts) =3+ 4 - |x| + x°.
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ts:if(u < 0)
if(z > 0)

z=z—1

ty: if(u > 0)
if(z > 0)
u=u-—1

ty: if(x < 0)

z=y
t5:if(z > 0)
u=z-—1

= multiply tp's runtime approximation 72 (%) with local bound |Pol(¢1)|

= set R(t2) := R(ty) - |Pol(f1)]




Modular Runtime Bounds from Polynomial Rank Functions

Current approximations

o R(tp) =1, R(t1) = |x|
@ R(t) = ? for all other transitions t
@ S(t,v') =7 for all t and variables v

@ Novel modular use of PRFs just for subset

T ={t1,...,t5}
o ’PO/(El) = 1, IPO/(gz) = 'PO/(€3) =0
o heT!

@ In executions restricted to 7 starting in /1,
tp is used at most [Pol(¢1)| = 1 times.

@ For global result:
consider how often 7" is reached (by ty)

ty:if(x > 0)
y=y+1

x=x—1

ts:if(u < 0)
if(z > 0)

z=z—1

ty: if(u > 0)
if(z > 0)
u=u-—1

ty: if(x < 0)

z=y
t5:if(z > 0)
u=z-—1

= multiply tp's runtime approximation 72 (%) with local bound |Pol(¢1)|

= set R(t2) := R(t) - [Pol(f1)| = 1-1=1




Modular Runtime Bounds from Polynomial Rank Functions

Current approximations

® R(th) =1, R(t1) = x|, R(k2) =1
@ R(t) = ? for all other transitions t
@ S(t,v') =7 for all t and variables v

@ Novel modular use of PRFs just for subset

T ={t1,...,t5}
o ’PO/(El) = 1, IPO/(gz) = 'PO/(€3) =0
o heT!

@ In executions restricted to 7 starting in /1,
tp is used at most [Pol(¢1)| = 1 times.

@ For global result:
consider how often 7" is reached (by ty)

ty:if(x > 0)
y=y+1

x=x—1

ts:if(u < 0)
if(z > 0)

z=z—1

ty: if(u > 0)
if(z > 0)
u=u-—1

ty: if(x < 0)

z=y
t5:if(z > 0)
u=z-—1

= multiply tp's runtime approximation 72 (%) with local bound |Pol(¢1)|

= set R(t2) := R(t) - [Pol(f1)| = 1-1=1




Modular Runtime Bounds from Polynomial Rank Functions

Current approximations

(4] R(to) =1, R(tl) = |X|, R(tz) =1
@ R(t) =7 for all other transitions t
@ S(t,v') =7 for all t and variables v

t1:if(x > 0)
y=y+1
x=x—1

to lf(X < 0)
R(t5) depends on size of z after transition t; 4=
ts if(u < 0
if(z > 0) ts:if(z > 0)
z=z-—1 u=z-1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Modular Runtime Bounds from Polynomial Rank Functions

Current approximations

(4] R(to) =1, R(tl) = |X|, R(tz) =1
@ R(t) =7 for all other transitions t
@ S(t,v') =7 for all t and variables v

t1:if(x > 0)
y=y+1
x=x—1

to lf(X < 0)
R(ts) depends on size of z after transition tp, i.e., 2=y
R(ts) depends on S(tp,2") ts: if(u < 0
if(z > 0) t3: if(z > 0)
Z =Z — ]_ u=2z— 1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Modular Runtime Bounds from Polynomial Rank Functions

Current approximations

(4] R(to) =1, R(tl) = |X|, R(tz) =1
@ R(t) =7 for all other transitions t
@ S(t,v') =7 for all t and variables v

t1:if(x > 0)
y=y+1
x=x—1

to lf(X < 0)
R(ts) depends on size of z after transition tp, i.e., 2=y
R(ts) depends on S(tp,2") ts: if(u < 0
if(z > 0) t3: if(z > 0)
Z =Z — ]_ u=2z— 1

= use size bounds to compute runtime bounds
ta: |f(u > 0)

if(z > 0)

u=u-—1




Modular Runtime Bounds from Polynomial Rank Functions

Current approximations

(4] R(to) =1, R(tl) = |X|, R(tz) =1
@ R(t) =7 for all other transitions t
@ S(t,v') =7 for all t and variables v

t1:if(x > 0)
y=y+1
x=x—1

to lf(X < 0)
R(ts) depends on size of z after transition tp, i.e., 2=y
R(ts) depends on S(tp,2") ts: if(u < 0
if(z > 0) t3: if(z > 0)
Z =Z — ]_ u=2z— 1

= use size bounds to compute runtime bounds
ta: |f(u > 0)

= use runtime bounds to compute size bounds .
if(z > 0)
u=u-—1




Modular Runtime Bounds from Polynomial Rank Functions

Current approximations

(4] R(to) =1, R(tl) = |X|, R(tz) =1
@ R(t) =7 for all other transitions t
@ S(t,v') =7 for all t and variables v

t1:if(x > 0)
y=y+1
x=x—1

ty: if(x < 0)
R(ts) depends on size of z after transition tp, i.e., 2=y
R(ts) depends on S(tp,2") ts: if(u < 0
if(z > 0) t3: if(z > 0)
Z =Z — ]_ u=2z— 1

= use size bounds to compute runtime bounds
ta: |f(u > 0)

= use runtime bounds to compute size bounds .
if(z > 0)
u=u-—1

= alternate between computing runtime and size bounds



t1:if(x > 0)
y=y+1

x=x—1
to If(XSO)
z=y
ts if(uSO
if(z > 0) t3: if(z > 0)
z=z-—1 u=z-—1

Result Variable Graph (RVG)

ta: |f(u > 0)
if(z > 0)

u=u-—1




t1:if(x > 0)

y=y+1 toy =
x=x—1
to If(X < 0)
z=Yy
ts if(u S 0
if(z > 0) t3: if(z > 0)
Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v
(denotes absolute value of v after transition t) ty: if(u > 0)

if(z > 0)

u=u-—1

|




Size Bounds

[to, x'| to, '] [to, 2’| |to, ']
[t1, %' [t1,¥'] [t1, 2] |t1, |
[t2, %' [t2, ¥’ |t2, 2’| |t2, |
Its, x| [ts, ¥’ Its, 2’| |ts, 0/
[ta, %' [ta,y'| |ta, 2’| |ta, 0|
|ts, x| |ts,y'] |ts, 2’| Its,u’| )

Result Variable Graph (RVG)

@ nodes are result variables |t, v

'l

(denotes absolute value of v after transition t)

t1:if(x > 0)
y=y+1
x=x—1

ts: if(u < 0)

ta: |f(u > 0)
if(z > 0)

u=u-—1




Size Bounds

|to, x'| to, y'| |to, 2’| |to, u'|
ty:if(x >0

|t1, x| [t1,y'] |t1, 2] |t1, u'| B )

y=y+1 ty=0
2, %' [t2, 5] [t2, 2’| [t2, v’ x=x—1
|t3, x| |t3,5'] |ts, 2| |t3,u'| tp:if(x < 0)

/ / / / 2= y

[ta, x'| [ta, ¥’ |ta, 2’| |ta, u'|

ts: if(u < 0)
|ts, =’ ts, ¥’ |ts, 2’| |ts,u’| | if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t) ty: if(u > 0)

if(z > 0)

u=u-—1

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

[to, ' [to, ¥’ [to, 2’| |to, |
ty:if(x >0

[tr, x| |y[+1>]|t,¥’] [t1, 2’| [t1,u'| i )

y=y+1 ty=0
|2, x'| [t2, ¥/ |t2, 2’| 2, 0’| x=x-1
|t3, x| |t3,5'] |ts, 2| |t3,u'| tp:if(x < 0)

/ / / ! z= y

ta, %' ta,y'| |ts, 2’| |ts, 0’|

ts: if(u < 0)
|ts, =’ ts, ¥’ |ts, 2’| |ts,u’| | if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t) ty: if(u > 0)

if(z > 0)

u=u-—1

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

|to, x'| to, y'| |to, 2’| |to, u'|
ty:if(x >0
[%| >t x| |y|+1>[t1, ¥ [t1, 2] |t1, | 1 )
y=y+1 ty=0
2, %' [t2, 5] [t2, 2’| [t2, v’ x=x—1
|t3, x| |t3,5'] |ts, 2| |t3,u'| tp:if(x < 0)
/ / / / 2= y
[ta, x'| [ta, ¥’ |ta, 2’| |ta, u'|
ts: if(u < 0)
|ts, =’ ts, ¥’ |ts, 2’| |ts,u’| | if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t) ty: if(u > 0)

if(z > 0)

u=u-—1

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

[to, ' [to, ¥’ [to, 2’| |to, |

t1:if(x >0
[%|>[t1, x| |yl+1>|t,y'| [z[>]t1, 2|  [u[>]t1, 0] i )

y=y+1 ty=0
2, %' [t2, 5] [t2, 2’| [t2, v’ x=x-1
|t3, x| |t3,5'] |ts, 2| |t3,u'| tp:if(x < 0)
/ / / / 2= y
|t47X| |t4>y| |t4,Z| ‘t4,u|
ts: if(u < 0)
|ts, =’ ts, ¥’ |ts, 2’| |ts,u’| | if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t) ty: if(u > 0)

if(z > 0)

u=u-—1

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

[to,x'|  0>|to,y’| |to, 2’| |to, u'|
ty:if(x >0
[x| >t x| |y|+1>[t1,y'| |z|>|t1,2"|  |u|>[t, 0] B )
y=y+1 ty=0
2, %' [t2, 5] [t2, 2’| [t2, v’ x=x—1
|t3, x| |t3,5'] |ts, 2| |t3,u'| tp:if(x < 0)
/ / / / 2= y
[ta, x'| [ta, ¥’ |ta, 2’| |ta, u'|
ts: if(u < 0)
|ts, =’ ts, ¥’ |ts, 2’| |ts,u’| | if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t) ty: if(u > 0)

if(z > 0)

u=u-—1

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

[x|>[to,x'|  0>|to,y'| [z[>]to, 2| [u[>]to, 0]

x| >t ¥| |yl+1>|t,y| |z|>|t1, =z u|>|t1,u

[%|>[t1, x| |yl+1>|t,y'| [z[>]t1, 2|  [u[>]t1, 0]
|2, x'| [t2, ¥/ |t2, 2’| 2, 0’|
|t3, x| 3,5/ |t3, 2’| |t3, v/
|t4vx/| |t4>y/| |t4,Z/| ‘t47u/|
[ts, %’ [ts, ¥’ |ts, 2’| |ts,u'| |

Result Variable Graph (RVG)

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t)

@ Local size approximation S(t,v'):

t1:if(x > 0)
y=y+1
x=x—1

ts: if(u < 0)

ta: |f(u > 0)
if(z > 0)

u=u-—1

function in t's pre-variables which bounds t's post-variable v’




Size Bounds

x| > [to, x|
x| >[t1, x|
x| >t2, x|
x| > [t3, x|
x| > [ta, x|

x| >|ts, x|

0>|to,y’|

|z|>|to, 2’|

yl+1=lt,y'] |2l 2t 2|

|Y|2|t27yl|
[y|>1ts3,y'|
[y|>Ita, ¥’

lyl>1ts,y’|

lyl > 1t2, 2’|
|z| > |t3, 2’|
|z| > |ta, 2’|

|z| > |t5, 2’|

u| > [t0, u'|
| > |1, ']
[uf > [t2, 0|
|z| = [t3,v'|
[u| > [ta, /|

[u > |t5, 0| )

Result Variable Graph (RVG)

@ nodes are result variables |t, v

'l

(denotes absolute value of v after transition t)

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’

t1:if(x > 0)
y=y+1
x=x—1

ts: if(u < 0)

ta: |f(u > 0)
if(z > 0)

u=u-—1




Size Bounds

[x[=to, x| 0=|to,y'|  |z[=]to,2'|  |u|=]to, 0]
ti:if(x >0

x| >t x| [yl+12[t,y| |zl=]t, 2| |ul>]t1, | 1 )

y=y+1 toy =0
x>, x| |yl=lt2, ¥ |yl=lt2, 2] Jul>[t2, 0] x=x-1
[x[=ts, x| |yl=ts, 5] |zl=ts, 2" |z = [ts, 0] ty: if(x < 0)

/ / / I 2= y

[x[=ta, %] |yIZta,¥'| |2l Z]ta,2'|  Ju| = [ta, ] .

ts: if(u < 0)
x| >|ts, x| |yl>|ts,y'| |z[>]t5,2| |u|>|ts, 0’| ] if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|

(denotes abfolute value of.v after transition t) ty: if(u > 0)
@ edge from |, V/| to [t, V'] iff if(z > 0)
@ transition 7 is predecessor of t and u=u-1
@ ¥ occurs in local size bound S)(t, v’) ) J

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

[x[=to, x| 0=|to,y'|  |z[=]to,2'|  |u|=]to, 0]
Iz .
ti:if(x >0

[x[>|t, x| [y|+12]t0,¥'] |z]>]t1,2"]  |u|> [t 0] 1 )

y=y+1 toy =0
x>, x| |yl=lt2, ¥ |yl=lt2, 2] Jul>[t2, 0] x=x-1
[x[=ts, x| |yl=ts, 5] |zl=ts, 2" |z = [ts, 0] ty: if(x < 0)

/ / / / 2= y

[x|>[ta, x| |y|=[ta,y"| |2|>]ta,2"| |u|>]ts, 0] .

ts: if(u < 0)
x| >|ts, x| |yl>|ts,y'| |z[>]t5,2| |u|>|ts, 0’| ] if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|

(denotes abfolute value of.v after transition t) ty: if(u > 0)
@ edge from |, V/| to [t, V'] iff if(z > 0)
@ transition 7 is predecessor of t and u=u-1
@ ¥ occurs in local size bound S)(t, v’) ) J

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

[x[=to, x|  0=|to,y'|  |z[=]to,2"| |u|=]to, 0]
Lz Lz Lz Lz .
[x[>|t, x| [y|+12]t0,¥'] |z]>]t1,2"]  |u|> [t 0] ty:if(x > 0)
y=y+1 toy =0
x>, x| |yl=lt2, ¥ |yl=lt2, 2] Jul>[t2, 0] x=x-1
[x[=ts, x| |yl=ts, 5] |zl=ts, 2" |z = [ts, 0] tp:if(x < 0)
/ / / / z= y
[x|>[ta, x| |y|=[ta,y"| |2|>]ta,2"| |u|>]ts, 0] .
ts: if(u < 0)
x| >|ts, x| |yl>|ts,y'| |z[>]t5,2| |u|>|ts, 0’| ] if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|

(denotes abfolute value of.v after transition t) ty: if(u > 0)
@ edge from |, V/| to [t, V'] iff if(z > 0)
@ transition 7 is predecessor of t and u=u-1
@ ¥ occurs in local size bound S)(t, v’) ) J

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

[x|>[to,x'|  0>|to,y'| |z[>]to, 2| [u]>]to, |
@ Lz Lz Lz .z t:if(x > 0)

[Z1t, x| [y[+12>(t,y'| |2[2]t, 2] [uf>]t, 0|
4 y=y+1

[x[>[t2, x| yl2]t2, '] Iyl2]t2,2']  |uf>]t2, 0] x=x-1
x| >[t3, x| yl=>]t3, ¥ |z[>]t3,2']  |z[>]t3, ] ty: if(x < 0)
/ / ! ’ z = y
x| >[ta, x| yl=2]ta,y'|  |2[2]ta,2']  |u>][ta, 0] .
ts: if(u < 0)
x| >ts,x'|  |y|>|ts,5'| |2[>]t5,2"| |u[>]t5, 0] ) if(z > 0) ts: if(z > 0)

Result Variable Graph (RVG) z=z-1 u=z-1

@ nodes are result variables |t, v/|

(denotes abfolute value of.v after transition t) ty: if(u > 0)
@ edge from |, V/| to [t, V'] iff if(z > 0)
@ transition 7 is predecessor of t and u=u-1
@ ¥ occurs in local size bound S)(t, v’) ) J

@ Local size approximation S(t,v'):
function in t's pre-variables which bounds t's post-variable v’



Size Bounds

[x|>[to,x'|  0>|to,y'| |z[>]to, 2| [u]>][to, |
\ Z \ Z l Lz

2| > Jt1, x| ([y|+1>]t0,y'| \z[>]t1, 2| (ju]>]t1,w']
& &

%] > [t2, x'| \Y|>|t2\|Y\>\tz, [u| >[t2, 0’|
i

x| > |83, x| \Y|2|t3:}’| |Z\>\f3, Z| Jz[=]ts, 0]

Lz Lz Lz
2 ftan| (312207 >m% ul > [t
d 4

x| >[ts, x'| |yl>]ts,y'| |z[>]ts, 2] |u|2|t5,U'\,

Result Variable Graph (RVG)

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t)

@ edge from |t, ¥/| to |¢t, V| iff

@ transition 7 is predecessor of t and

@ ¥ occurs in local size bound S)(t, v’)

@ Local size approximation S(t,v'):

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1

function in t's pre-variables which bounds t's post-variable v’




Size Bounds

[x|>[to,x'|  0>|to,y'| |z[>]to, 2| [u]>][to, |
\ Z \ Z l Lz

2| > Jt1, x| ([y|+1>]t0,y'| \z[>]t1, 2| (ju]>]t1,w']
& &

%] > [t2, x'| \Y|>|t2\|Y\>\tz, [u] > [t2, v’
i

x| > |83, x| \Y|2|t3:}’| |Z\>\f3, Z| Jz[=]ts, 0]

Lz Lz Lz
2 ftan| (312207 >m% ul > [t
d 4

x| >[ts, x'| |yl>]ts,y'| |z[>]ts, 2] |u|2|t5,U'\,

Result Variable Graph (RVG)

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t)

@ edge from |t, ¥/| to |¢t, V| iff

@ transition 7 is predecessor of t and

@ ¥ occurs in local size bound S)(t, v’)

@ Local size approximation S(t,v'):

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1

function in t's pre-variables which bounds t's post-variable v’

@ Problem: S(t,v’) approximates size of v/ w.r.t. t's pre-variables




Size Bounds

[x|>[to,x'|  0>|to,y'| |z[>]to, 2| [u]>][to, |
\ Z \ Z l Lz
2| > Jt1, x| ([y|+1>]t0,y'| \z[>]t1, 2| (ju]>]t1,w']

4 { 4
x| 2 1t2, x| |yl2[t2,¥'| >yl =>]t2, 2] [ul>][t2, 0]
4 4 4

x| 21t x| yl=[ts, ¥ |z[=]ts,2"] |z =][ts, 0]

\ .z .z l .z \ Z
x| >|ta, x| (ly|>]ta,¥’| |ZZf47%|U|Z|t4’u'
& 4 & &

x| >[ts, x| |yl>]ts,y'| |z[>]ts5,2'] |u]>]ts, 0] )

Result Variable Graph (RVG)

@ nodes are result variables |t, v/|
(denotes absolute value of v after transition t)

@ edge from |t, ¥/| to |¢t, V| iff
@ transition 7 is predecessor of t and
@ ¥ occurs in local size bound S)(t, v’)

@ Local size approximation S(t,v'):

t1:if(x > 0)
y=y+1

ts: if(u < 0)

ta: |f(u > 0)
if(z > 0)

u=u-—1

function in t's pre-variables which bounds t's post-variable v’

@ Problem: S(t,v’) approximates size of v/ w.r.t. t's pre-variables
@ Goal: S(t,v') which approximates v’ w.r.t. initial variable values at program start




Procedure SizeBounds

[x|>[to,x'|  0>|to,y'| |z|>[to, 2’| |u|>|to, |

Lz Lz Lz Iz .-
@ZIU,X’I @H—lzfl,y'l |2 > [t1, 2’| @thl,u' tl"f(f - 0)1

! ! \ 1 y=y+ t:y =0
[x|>|t2, x| [y]>]t2,y'| > |y|>|t2,2'| |u|>[t2, 0 x=x—1

i 4 &

x|l x| yl=[ts, ¥ |z[=]ts,2"]  |z[=>]ts, 0]

Lz Lz Lz Lz z —;
>t (5210, |zzr4,%|u|2|t4,u'

4 4 g 4 ts: if(u < 0
x| >ts,x'| |y|>|ts,5'| |2[>]t5,2"| |u[>]ts, 0] ) if(z > 0) ts: if(z > 0)
Procedure SizeBounds z=z-1 u=z-1

ta: |f(u > 0)
if(z > 0)

u=u-—1

A\ |




Procedure SizeBounds

[x|>|to,x'|  0>|to,y'| |z[>]to, 2| [u]>][to, |
Lz Lz Lz .z .
t1:if(x >0
x| > |t1, =’ |Y|+1>\f17y/| |z| > [t1,2"|  (ju]>[t1, v’ i )
x| > |t2, x| \Y|>|t2 |Y\>\t2, [u| >[t2, 0’| x=x—1
i

x| > |83, x| \Y|2|t3:}’| |Z\>\t32’| 2| > t3,w|

Lz Lz Lz z—;
2] (¥12 107 >r4,/ >t |

1 ! ts: if(u < 0
[x|>ts,x'|  |y|>]ts,y'| |z[>]ts, 2] |u|2|t5,u’\ ) if(z > 0) ts: if(z > 0)

Procedure SizeBounds z=z—1 u=z-—1

@ For initial transitions t, set S(t, v') := S)(t, v’)
ta: |f(u > 0)
if(z > 0)

u=u-—1




Procedure SizeBounds

S(t07xl):|X| 02|t07y,| ‘z|2|t07z/‘ |u‘2|t07u,|
Lz Lz Lz Lz
[x| > [ty, x| \Y|+1>|t17y’| |z[> [t 2| (|u]>[tr, v

{ N
x| > |t2, x| |Y|>\f2 \ \Y|>|t27 [u| > [t2, v'|
4

x| > [t3, x| |Y|Z\t3v}’| \ZI>|t37 Z/| |Z\>|f3, u'|

\ Z L Z
[%]>[ta, x| (ly|>]ta, ¥’ |>|t4a/ \>|f4a '|
4 &

x| >ts, x| [yl>|ts,y'| |z[>]ts,2’] |u\2|f5,u|,

Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Procedure SizeBounds

S(to,x)=|x| S(to,y)=0 |z|=>]to,2| [|u|>]to, ']
Lz Lz Lz Lz
%] > [t1, %' \Y|+1>|t17y'| 2| >|t1,2'|  ([u|>|t1, 0’|

{ N
x| > |t2, x| |Y|>\f2 \ \Y|>|t27 [u| > [t2, v'|
4

x| > [t3, x| |Y|Z\t3v}’| \ZI>|t37 Z/| |Z\>|f3, u'|

\ Z L Z
[%]>[ta, x| (ly|>]ta, ¥’ |>|t4a/ \>|f4a '|
4 &

x| >ts, x| [yl>|ts,y'| |z[>]ts,2’] |u\2|f5,u|,

Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Procedure SizeBounds

S(to,x)=[x| S(to,y)=0 S(to,2)=1z| S(to,w)=|u]
Lz Lz Lz Lz

[%| >t x| ([y[+1>t1, y'| 2> [t1, 2| (Ju]>|ts, o]
4 &

[%] > [t2, %' IYI>\t2,\ \Y|>|t27 [u] > [t2, 0’|
4

[x] > [t3, x| IYIZ\tM'I \ZI>|t37 2| |z|>]t3, v
\ Z .z L Z

|X|Z|t4vx/| |y|2‘t4,y/| |>|t4,/ ‘>|t4’ /|
4 &

[%|>ts, x| [y|>]ts,y'| |2 >]ts, 2] IU\ZIts,u’I )

Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

t1:if(x > 0)
y=y+1
x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Procedure SizeBounds

S(to,x)=|x| S(to,y)=0 S(t0,2)=1z| S(to,u')=|ul
Lz Lz Lz Lz
|| > [t1, x'| \Y|+1>|t17y'| |z| > [t1, 2| ([ul> |t 0|

s 1
1l y RN o2

[%] > |t2, x'| [u| > [t2, u'|
4

[x] > [t3, x| |Y|Z\t37}’| \Z|>|t37 2| |z|>]t3, v
.z .z L &

£C|Z|f47x/| @Z%y’l <|>|t4,/<>|f4, |
4 &

[x|>|ts, x| |y|>|ts,y'| |2|>|ts, 2| |u|>[ts, 0’| |

Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

For each result variable o in non-trivial SCCs:
@ o€ =iff §(a) < max{|vi], ..., |val}

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Procedure SizeBounds

S(tox)=x|  S(to,y)=0 S(t0,2)=|z| S(to,n)=]u|

L Z L .z L Z 1 e
> tnee] (51413 [0y Nal 2 2] (ul> w2 > 0)
¥ " y=y+1

x| > [t2, | |Y|>\f2\bf|>|t27 [u| > [t2, v'| x=x-1
4
x| > [t3, x| |y|2\t373’| \Z|>|t37 2| lz[=]ts, 0]

4 2 Lz z—;
x> [ta, x| (][ >]ta, ¥'] |>|t4,/ u| > [ta, 0]

. 1 ts: if(u < 0
[%|>ts, x| |y|>|ts, 5| |z|>]ts5,2] Iu\ZIts,u’I ) if(z > 0) ts:if(z > 0)

Procedure SizeBounds z=z—1 u=z-—1

@ For initial transitions t, set S(t, v') := S)(t, v’)

ta: |f(u > 0)
if(z > 0)
@For |t,v/| in non-trivial SCCs C, set S(t, V') := u=u-1
max{S(e) | o predecessor of C} 4

For each result variable o in non-trivial SCCs:
@ o€ =iff §(a) < max{|vi], ..., |val}



Procedure SizeBounds

S(to,x)=[x| S(to,y)=0 S(t0,2")=]z| S(to,u’)=|u]
Lz Lz L .z
S(t1,x)=|x|(] |+1>|t1,y/| |z| > [t1,2|  ([u]>]t, 0|

' \ '
x| > |t2, x| IYI>|t2 |Y|>|t2: [a| > [t2, w'|
'

x| > [t3, x| |Y|Z|t3»Y| |Z|>|t3 z'| IZI>\t37 |

Lz Lz
>l x] (512160, |>|r47/ zien ]
{ d

x| >ts, x| |yl>|ts,y'| |z[>]ts,2’] IUIZ\f&uI,

Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=

max{S(e) | o predecessor of C}

For each result variable o in non-trivial SCCs:
@ o€ =iff §(a) < max{|vi], ..., |val}

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Procedure SizeBounds

Stox)=ll S(6y)=0 S(toz)=lzl S(tox)=l
Lz

(1= (412 11,y N2 =l (S )=l
4 4

1> e %1 |y|>|r2\|y|>|tz, I e
{

2] b2ly] i <1 ezl
L7 Lz

R et |>|r4,/ 2
4 4

12 5,112y 121,21 2l

Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=
max{S(e) | o predecessor of C}

For each result variable o in non-trivial SCCs:
@ o€ =iff §(a) < max{|vi], ..., |val}

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Procedure SizeBounds

S(tox)=x|  S(to,y)=0 S(t0,2)=l|z| S(to;u)=]u|

L & .
t1:if(x > 0
St = (5112 oy st =l Stea=p| =>0)
¥ \ " y=y+1
2l iy izl | Rl | x=x-1
1
NS A AR 2| ezl

Lz Lz z —;
>l x] (512160, |>|r47/ zien ]

1 1 ts: if(u < 0
[%|>|ts, x| |y|>|ts,y'| |2|>]ts,2’| |u|Z\t57u | ) if(z > 0) ts:if(z > 0)

2=zl ) u=z-1
@ For initial transitions t, set S(t, v') := S)(t, v’)
ta: |f(u > 0)
if(z > 0)
@For |t, v/| in non-trivial SCCs C, set S(t, V') := u=u-—1
max{S(a) | a predecessor of C} D

For each result variable o in non-trivial SCCs:
@ o€ =iff §(a) < max{|vi], ..., |val}
@ o c +iff S(a) < eq + max{|vi], ..., |va|} for e € N



Procedure SizeBounds

S(tox)=x|  S(to,y)=0 S(t0,2)=l|z| S(to;u)=]u|

L & .
t1:if(x > 0
St = (5112 oy st =l Stea=p| =>0)
¥ \ " y=y+1
2l iy izl | Rl | x=x-1
1
NS A AR 2| ezl

Lz Lz z —;
>l x] (512160, |>|r47/ zien ]

1 1 ts: if(u < 0
[%|>|ts, x| |y|>|ts,y'| |2|>]ts,2’| |u|Z\t57u | ) if(z > 0) ts:if(z > 0)

2=zl ) u=z-1
@ For initial transitions t, set S(t, v') := S)(t, v’)
ta: |f(u > 0)
if(z > 0)
@For |t, v/| in non-trivial SCCs C, set S(t, v ) o= u=u-—1
max{S(e) | o predecessor of C} + >

a6+ ) - ea y -

For each result variable o in non-trivial SCCs:
@ o€ =iff §(a) < max{|vi], ..., |val}
@ o c +iff S(a) < eq + max{|vi], ..., |va|} for e € N



Procedure SizeBounds

Stox) =1 S(to3)=0 S(w)=l S(tom)=lu
{
(mo x|<+1>r1y| (a.2)=1 é(n,uo—m
4 4
12, ¢! |y|>|r2\|y|>|rz, I e
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W2lo] bizing] 2l <1 ezl
L7 Lz

R et |>|r4,/ 2
4 4
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Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

@For |t, v/| in non-trivial SCCs C, set S(t, v ) =
max{S(e) | o predecessor of C} + >

a6+ ) - ea y

For each result variable o in non-trivial SCCs:
@ o€ =iff §(a) < max{|vi], ..., |val}

@ o c +iff S(a) < eq + max{|vi], ..., |va|} for e € N

t1:if(x > 0)
y=y+1

x=x—1
to lf(XSO)
z=y
ts if(uSO
if(z > 0) ts:if(z > 0)
z=z-—1 u=z-—1

ta: |f(u > 0)
if(z > 0)

u=u-—1

S(t1,y') = S(to,y") +R(11) - ¢y




Procedure SizeBounds

S(tox)=x|  S(to,y)=0 S(t0,2)=l|z| S(to;u)=]u|

L & .
t1:if(x > 0
St = (5112 oy st =l Stea=p| =>0)
¥ \ " y=y+1
2l iy izl | Rl | x=x-1
1
NS A AR 2| ezl

Lz Lz z —;
>l x] (512160, |>|r47/ zien ]

1 1 ts: if(u < 0
[%|>|ts, x| |y|>|ts,y'| |2|>]ts,2’| |u|Z\t57u | ) if(z > 0) ts:if(z > 0)

z=z-1\ ) u=z-1
@ For initial transitions t, set S(t, v') := S)(t, v’)
ta: |f(u > 0)
if(z > 0)
@For |t, v/| in non-trivial SCCs C, set S(t, v ) o= u=u-—1
max{S(a) | o predecessor of C} + > o1 R(a) - ea >

v

N ! .
For each result variable « in non-trivial SCCs: S(t,y') ~ S(t%,y ) i Rg“ ) . e\tll,y’\
@ «a € =iff §i(a) < max{|vi|, ..., |va|} - -
@ o c +iff S(a) < eq + max{|vi], ..., |va|} for e € N




Procedure SizeBounds

S(tox)=x|  S(to,y)=0 S(t0,2)=l|z| S(to;u)=]u|

L & .
t1:if(x > 0
St = (5112 oy st =l Stea=p| =>0)
¥ \ " y=y+1
2l iy izl | Rl | x=x-1
1
NS A AR 2| ezl

Lz Lz z —;
>l x] (512160, |>|r47/ zien ]

1 1 ts: if(u < 0
[%|>|ts, x| |y|>|ts,y'| |2|>]ts,2’| |u|Z\t57u | ) if(z > 0) ts:if(z > 0)

z=z-1\ ) u=z-1
@ For initial transitions t, set S(t, v') := S)(t, v’)
ta: |f(u > 0)
if(z > 0)
@For |t, v/| in non-trivial SCCs C, set S(t, v ) o= u=u-—1
max{S(a) | o predecessor of C} + > o1 R(a) - ea >

v

For each result variable o in non-trivial SCCs:
@ o€ =iff §(a) < max{|vi], ..., |val}
@ o c +iff S(a) < eq + max{|vi], ..., |va|} for e € N

S(t1,y') = S(to,y") +R(11) - €ey 3|
= 0 + |x/ - 1
=[x




Procedure SizeBounds

S(tox)=x|  S(to,y)=0 S(t0,2)=l|z| S(to,u)=]u|

é(rhxﬁ—x(sm,yo—k (t12) =]zl é(t1,u’)-|u| ty: if(x > 0)

1 \ v y=y+1 to:y =0
x| > |t2, %' |Y|>|t2 |.V|>|f2: [u| > |t2, | x=x-1
1

x| > [t3, x| |Y|Z|t37Y| |Z|>|t3 z'| IZ|>\f37 |

Lz Lz z —;
>l x] (512160, |>|r47/ zien ]

1 1 ts: if(u < 0
[%|>|ts, x| |y|>|ts,y'| |2|>]ts,2’| |u|Z\t57u | ) if(z > 0) ts:if(z > 0)

Procedure SizeBounds z=z—1 u=z-—1

@ For initial transitions t, set S(t, v') := S)(t, v’)

ta: |f(u > 0)

if(z > 0)
@For |t, v/| in non-trivial SCCs C, set S(t, v ) o= u=u-—1
max{S(a) | o predecessor of C} + > o1 R(a) - ea >
v
Y — / . 0
For each result variable a in non-trivial SCCs: S(t1,y') = S(to,y) +R(11) . e\tlld’ \

- 0 X
@ o€ =iff §(a) < max{|vi], ..., |val} Ix| Ul
@ o c +iff S(a) < eq + max{|vi], ..., |va|} for e € N




Procedure SizeBounds

Stox) =i S(to3)=0 S(w)=l S(tom)=l
é(n,xo—x(sm,yo 1\t )= é(n,uo—m
4 4
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Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, V| in trivial SCCs, set S(t,Vv’) :=
max{S;(t,v') (S(t,v{), ..., S(%,v})) | T predecessor of t

@For |t,v/| in non-trivial SCCs C, set S(t, v’)

max{S(a) | o predecessor of C} + > o1 R(a) - ea

}

v

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1




Procedure SizeBounds

Stox) =i S(to3)=0 S(w)=l S(tom)=l
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Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, V| in trivial SCCs, set S(t,Vv’) :=
max{S;(t,v') (S(t,v{), ..., S(%,v})) | T predecessor of t}

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=
max{S(e) | o predecessor of C} + >

- eq

act

) (S(t()?X/)v oo0)

v

S(ta,z') = max{ S(tr,2' S(to, 0’

))7

t1:if(x > 0)
y=y+1

x=x—1
to lf(X < 0)
zZ=y
ts if(u S 0
if(z > 0) ts:if(z > 0)
z=z-—1 u=z-—1
ta: |f(u > 0)
if(z > 0)
u=u-—1
S/(tz,Z/) (S(t17X/)7 ---78(t17u/)) }




Procedure SizeBounds

Stox) =i S(to3)=0 S(w)=l S(tom)=l
é(n,xo—x|<8(r1,yo—|x\f(n,zo—|z| é(n,uo—m
4 4
2o izl o> 2l 2l
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L7 Lz
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4 4
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Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, V| in trivial SCCs, set S(t,Vv’) :=
max{S;(t,v') (S(t,v{), ..., S(%,v})) | T predecessor of t}

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=
max{S(e) | o predecessor of C} + >

aet - Ca y
S(t2,2') = max{ Si(t2,2') (S(to, x’), ..., S(to,u’)
= max{ |yl (S(to,%'), ..., S(to, v’

)
)

) k)

)

t1:if(x > 0)
y=y+1

x=x—1
to lf(X < 0)
z=Y5
ts if(u S 0
if(z > 0) ts:if(z > 0)
z=z-—1 u=z-—1
ta: |f(u > 0)
if(z > 0)
u=u-—1
S/(tz,Z/) (S(t17X/)7 ---78(t17u/)) }
Iyl (S(t1, %), ..., S(t1,u)) }




Procedure SizeBounds

S(tox)=x|  S(to,y)=0 S(t0,2)=l|z| S(to,u)=]u|

é(rhxﬁ—x(an,ywx (t12) =]zl é(t1,u’)-|u| ty: if(x > 0)

1 \ v y=y+1 to:y =0
x| > |t2, %' |Y|>|t2 \Y|>|f2 2| |u|>]t, v x=x-1
1

x| > [t3, x| |Y|Z|t37Y| |Z|>|t3 z'| IZ|>\f37 |

Lz Lz z —;
>l x] (512160, |>|r47/ zien ]

1 1 ts: if(u < 0
[%|>|ts, x| |y|>|ts,y'| |2|>]ts,2’| |u|Z\t57u | ) if(z > 0) ts:if(z > 0)

Procedure SizeBounds z=z—1 u=z-—1

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, V| in trivial SCCs, set S(t,Vv’) := ta: if(u > 0)
max{S;(t,v') (S(t,v{), ..., S(%,v})) | T predecessor of t} if(z > 0)
@For |t, v/| in non-trivial SCCs C, set S(t, V') := u=u-—1
max{S(a) | o predecessor of C} + > 1 - €n J
v
S(t2,2') = max{ Si(t2,2') (S(to,x’), ..., S(to, v")),  Si(t2,2') (S(t1,x'),...,S(t1,u)) }
= max{ [y| (S(to,x'),...,S(to,u’)), lyl  (S(t1,x'),....S(t1,u')) }

max { S(to,y’'), S(t1,y’)}




Procedure SizeBounds

Sttox)=lx|  S(toy)=0 S(toz)=lz] S(to)=|u]
t1:if(x > 0
)=l Sty = (e =kl ()= | >0
| > [, |y|>|r2 izl Rzlovl | x=x-1
1
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Lz Lz z=y
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1 1 ts: if(u < 0
[%|>|ts, x| |y|>|ts,y'| |2|>]ts,2’| |u|2\t57u|, if(z > 0) ts:if(z > 0)
2ol el

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, V| in trivial SCCs, set S(t,Vv’) :=
max{S;(t,v') (S(t,v{), ..., S(%,v})) | T predecessor of t}

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=

max{S(a) | o predecessor of C} + > 1 - en
v
S(t2,2') max { S(t2,2z") (S(to, %), ..., S(to,u’)
max{ |y (S(to,x'),...,S(to, v’

max { S(to,y’),
max {0, |x] }

S(ty') }

)
)

) k)

)

ta: |f(u > 0)
if(z > 0)

u=u-—1

Sl(tz,z/
Iyl

) (S(t17X/)7 o00)
(S(t1,%'), ...,

S(t1,0)) }
S(t,0)) }




Procedure SizeBounds

Sttox)=lx|  S(toy)=0 S(toz)=lz] S(to)=|u]
t1:if(x > 0
)=l Sty = (e =kl ()= | >0
| > [, |y|>|r2 izl Rzlovl | x=x-1
1
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Lz Lz z=y
>l x] (512160, |>|r47/ zien ]
1 1 ts: if(u < 0
[%|>|ts, x| |y|>|ts,y'| |2|>]ts,2’| |u|2\t57u|, if(z > 0) ts:if(z > 0)
2ol el

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, V| in trivial SCCs, set S(t,Vv’) :=
max{S;(t,v') (S(t,v{), ..., S(%,v})) | T predecessor of t}

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=

max{S(a) | o predecessor of C} + > 1 - en
v
S(t2,2') max { S(t2,2z") (S(to, %), ..., S(to,u’)
max{ |y (S(to,x'),...,S(to, v’

max { S(to,y’),
max {0, |x] }

S(ty') }

||

)
)

) k)

)

ta: |f(u > 0)
if(z > 0)

u=u-—1

Sl(tz,z/
Iyl

) (S(t17X/)7 o00)
(S(t1,%'), ...,

S(t1,0)) }
S(t,0)) }




Procedure SizeBounds
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[x|>t2, x| |y|>|t2,y| S(t2,2)=|x] [u|>|t2, ]
& i 4

[x|>ts, x| |y|>|ts, 9| |z|>]ts, 2| |z| > [ts, 0]
Lz Lz

@Zlm,xq @Zlmy’l <|>|f47/<|>f4, |
& &

[%|>|ts, x| |y|>|ts,y'| |z|>|ts, 2| [u|>|ts, 0] ]

Procedure SizeBounds

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, v/| in trivial SCCs, set S(t,Vv’) :=
max{S;(t,v') (S(t,v{), ..., S(%,v})) | T predecessor of t}

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=

max{S(a) | o predecessor of C} + > 1 - en
v
S(t2,2') max { S(t2,2") (S(to, %), ..., S(to,u’)
max{ |y (S(to,x'),...,S(to, v’

max { S(to,y’),
max {0, |x] }

S(ty') }

||

)
)

) k)

)

t1:if(x > 0)
y=y+1

x=x—1

ta: |f(u > 0)
if(z > 0)

u=u-—1

u=z-—1

Sl(tz,z/
Iyl

) (S(t17X/)7 o00)
(S(t1,%'), ...,

S(t1,0)) }
S(t,0)) }




Procedure SizeBounds

S(tox)=x|  S(to,y)=0 S(t0,2)=|z| S(to,n)=]u|

t1:if(x > 0)
y=y+1
S(t2x)=lx| S(t2,y)=x| S(t2,2)=Ix| S(tz,uw)=u] x=x-1

S(tx)=[x| S(ty)=Ix S(t,2)=|z| S(t1.0)=ul

S(t3x)=x| S(t3,y)=x| S(t3,2)=1x| S(t3,u)=]x]

S(tax)=[x| S(tay)=Ix| S(ta,z)=|x| S(ts0)=Ix]

S(ts,x)= x| S(ts,y)=Ix| S(t5,2)=1x| S(ts,u)=|x|] if(z > 0)

Procedure SizeBounds z=z—1 u=z-—1

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, V| in trivial SCCs, set S(t,Vv’) := ta: if(u > 0)
max{S;(t,v') (S(t,v{), ..., S(%,v})) | T predecessor of t} if(z > 0)
@For |t, v/| in non-trivial SCCs C, set S(t, V') := u=u-—1
max{S(a) | o predecessor of C} + > 1 - €n J
v
S(t2,2") max { S(t2,2') (S(to,x’), ..., S(to,v")),  Si(t2,2’) (S(t1,x'),...,S(t1,u)) }
max{ |y (S(t,x’),...,;S(to, ")), lyl  (S(t,x'),...,S(t1,0")) }

max { S(to,y’'), S(t1,y’)}
max {0, x|} =[x




Current runtime approximations

Procedure TimeBounds

R(to) =1, R(t1) = [x|, R(t2) =1 t1:if(x > 0)
y=y+1 toy=0
x=x—1 e
ty:if(x < 0)
zZ =
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-1

ty: if(u > 0)
if(z > 0)
u=u-—1




Current runtime approximations

Procedure TimeBounds

R(to) = 1, R(tr) = [x], R(t2) =1 tif(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}

to If(XSO)
z=y
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-1

ty: if(u > 0)
if(z > 0)
u=u-—1




Current runtime approximations

Procedure TimeBounds

R(to) = 1, R(tr) = [x], R(t2) =1 tif(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
o PO/(EQ) = 'PO/(£3) =2z

to If(XSO)
z=y
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-1

ty: if(u > 0)
if(z > 0)
u=u-—1




Current runtime approximations

Procedure TimeBounds

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

to If(XSO)
z=y
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-1

ty: if(u > 0)
if(z > 0)
u=u-—1




Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x|, R(t2) = 1 ty:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {ts, ta, ts} %1

@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(£2)| = |z| times.
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-1 u=z-1

ty: if(u > 0)
if(z > 0)
u=u-—1




Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x|, R(t2) = 1 ty:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {ts, ta, ts} %1

@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(£2)| = |z| times.
@ For global result: ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-1

ty: if(u > 0)
if(z > 0)
u=u-—1




Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y
@ For global result: ts: if(u < 0)
o consider value of 7"'s initial variable z in full run if(z > 0) t3:if(z > 0)
z=z-—1 u=z-1

ty: if(u > 0)
if(z > 0)
u=u-—1




Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y
@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3:if(z > 0)
z=z-—1 u=z-1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))

= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))
= R(ts) = R(12) - [Pol(£2)] (S(t2, '), s S(t2,0))



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))
= R(ts) i= (1) - [Pol(£2)] (S(t2, %), e, S(t2,0)) = 1 - Pol(£2) (S(t2, %), .0, S(t2, "))



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))
= R(ts) := R(12) - [Pol(£2)] (S(t2, %), .., S(t2,u)) = 1+ |z] (8(t2, %), ..., S(t2,0))



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))
= R(ts) i= (1) - [Pol(£2)] (S(t2, '), ..., S(t2,0)) = 1 - S(t2,2)



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))
= R(ts) i= R(12) - [Pol(€2)] (S(t2, %), 0, S(t2,0)) = 1- x|



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) =1 t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))
= R(ts) i= (1) - [Pol(€2)] (S(t2, %), 0, S(t2,0)) = 1 - |x| = |x|



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(t1) = [x|, R(t2) = 1, R(ts) = x| t:if(x > 0)
y=y+1
x=x—1

@ use PRF just for subset 7' = {ts, ta, ts}
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £z,

ts is used at most |Pol(¢2)| = |z| times. z=y

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: |f(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

ty: if(u > 0)
if(z > 0)
u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))
= R(ts) i= (1) - [Pol(€2)] (S(t2, %), 0, S(t2,0)) = 1 - |x| = |x|



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) = 1, R(ts) = || ty:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts, ta, t5} z _ z-_'_ 1
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £2,
ts is used at most |Pol(¢2)| = |z| times.

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: if(z > 0)
@ consider how often 7 is reached (by t2) —z—1 U=z _1

Procedure TimeBounds
Let Pol be PRF for 7/ C T. For every t € T/, set
R(t)= X [Pol(£)]

£ start location in 7/

ty: if(u > 0)
if(z > 0)

u=u-—1

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2,1))
= R(ts) i= (1) - [Pol(€2)] (S(t2, %), 0, S(t2,0)) = 1 - |x| = |x|



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) = 1, R(ts) = || ty:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts, ta, t5} z _ z-_'_ 1
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £2,
ts is used at most |Pol(¢2)| = |z| times.

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: if(z > 0)
@ consider how often 7 is reached (by t2) —z—1 U=z _1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

/ § ty: if(u > 0)
R(t)= X [Pol(O)] (S(E, vp)s - S(E, v7) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2,1))
= R(ts) i= (1) - [Pol(€2)] (S(t2, %), 0, S(t2,0)) = 1 - |x| = |x|



Procedure TimeBounds

Current runtime approximations

R(to) = 1, R(tr) = [x], R(t2) = 1, R(ts) = || ty:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts, ta, t5} z _ z-_'_ 1
@ Pol(f2) = Pol(ls) =z Thus: ts € T

@ In executions restricted to 7 starting in £2,
ts is used at most |Pol(¢2)| = |z| times.

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable z in full run if(z > 0) t3: if(z > 0)
@ consider how often 7 is reached (by t2) z—z—1 U=z _1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

) / § ty: if(u > 0)
R(t)= X R - [Pl(O)] (S(E ), ... S(E vp)) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(£2)| by |Pol(£2)] (S(t2, %), ..., S(t2,u’))
= multiply runtime approximation 72(t) with local bound |Pol(£2)| (S(t2, %), ..., S(t2, 1))
= R(ts) i= (1) - [Pol(€2)] (S(t2, %), 0, S(t2,0)) = 1 - |x| = |x|



Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(tr)=R(ts)=|x] b if(x > 0)
y=y+1 to:y =0
x=x—1 e
ty: if(x < 0)
z=y
ts: if(ll S O)
if(z > 0) ts: if(z > 0)
z=z—1 u=z-—1

Procedure TimeBounds
! !

Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u > 0)

R(M= X RE - [Pol(®)] (S(E ). .. S(E ) if(z > 0)

£ start location in 7/ u=u-—1
t ¢ T reaches ¢




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1) =R(ts) = || ty:if(x > 0)
@ use PRF just for subset 7' = {t3, ta} i i zi_ 1 tooy =0
a ty: if(x < 0)
z=y
ts: if(ll S O)
if(z > 0) ts: if(z > 0)
z=z—1 u=z-—1

Procedure TimeBounds
! !

Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u > 0)

R(M= X RE - [Pol(®)] (S(E ). .. S(E ) if(z > 0)

£ start location in 7/ u=u-—1
t ¢ T reaches ¢




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1) =R(ts) = x| t1:if(x > 0)
@ use PRF just for subset 7' = {t3, ta} i z zi_ 1 tooy =0
4 PO/(EQ) =1, PO/(£3) =0 e
ty: if(x < 0)
z=y
ts: if(ll S O)
if(z > 0) ts: if(z > 0)
z=z—1 u=z-—1

Procedure TimeBounds
! !

Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u > 0)

R(M= X RE - [Pol(®)] (S(E ). .. S(E ) if(z > 0)

£ start location in 7/ u=u-—1
t ¢ T reaches ¢




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1) =R(ts) =|x| ty:if(x > 0)
@ use PRF just for subset 7' = {t3, ta} i z zi_ 1 to:y =0
@ Pol(l) =1, Pol({3) =0 Thus: t3 € T, e
ty: if(x < 0)
z=y
ts: if(ll S O)
if(z > 0) ts: if(z > 0)
z=z—1 u=z-—1

Procedure TimeBounds
! !

Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u > 0)

R(M= X RE - [Pol(®)] (S(E ). .. S(E ) if(z > 0)

£ start location in 7/ u=u-—1
t ¢ T reaches ¢




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1) = R(ts) =] b if(x > 0)
@ use PRF just for subset 7' = {t3, ta} i i z i_ 1 tory =0
@ Pol(l) =1, Pol({3) =0 Thus: t3 € T, e

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.
ts: if(ll S O)
if(z > 0) ts: if(z > 0)
7=n=Il u=z-1

Procedure TimeBounds
! !

Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u > 0)

R(M= X RE - [Pol(®)] (S(E ). .. S(E ) if(z > 0)

£ start location in 7/
t ¢ T’ reaches ¢

u=u-—1




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1)=R(ts) = x| t1:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t3, ta} =% — 1l

@ Pol(6) =1, Pol(¢z) =0 Thus: t3 € Ty

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.
@ For global result: ts: if(u < 0)
if(z > 0) ts: if(z > 0)
==l u=z-1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u N 0)
R(M= X RO - [Pol(®)] (S(E ), .. S(E ) if(z > 0)

¢ start location in 7/

s u=u-—1
t ¢ T’ reaches £




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1)=R(ts) = x| t1:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t3, ta} =% — 1l

@ Pol(6) =1, Pol(¢z) =0 Thus: t3 € Ty

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.
@ For global result: ts: if(u < 0)
o consider value of 7"’s initial variables in full run if(z > 0) t3:if(z > 0)
z=z-1 u=z-1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u N 0)
R(M= X RO - [Pol(®)] (S(E ), .. S(E ) if(z > 0)

¢ start location in 7/
t ¢ T’ reaches ¢

u=u-—1




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1)=R(ts) = x| t1:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t3, ta} =% — 1l

@ Pol(6) =1, Pol(¢z) =0 Thus: t3 € Ty

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.

@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variables in full run if(z > 0) ts: if(z > 0)
o consider how often 7" is reached (by t, and ts) s—z_1 U=z —1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u N 0)
R(M= X RO - [Pol(®)] (S(E ), .. S(E ) if(z > 0)

¢ start location in 7/
t ¢ T’ reaches ¢

u=u-—1




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1)=R(ts) = x| t1:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t3, ta} =% — 1l

@ Pol(6) =1, Pol(¢z) =0 Thus: t3 € Ty

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.

@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variables in full run if(z > 0) ts: if(z > 0)
o consider how often 7" is reached (by t, and ts) s—z_1 U=z —1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u N 0)
R(M= X RO - [Pol(®)] (S(E ), .. S(E ) if(z > 0)

¢ start location in 7/
t ¢ T’ reaches ¢

u=u-—1

= multiply runtime approximations 72(,) and 72(ts) with local bound |Pol(£)]



Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1)=R(ts) = x| t1:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t3, ta} =% — 1l

@ Pol(6) =1, Pol(¢z) =0 Thus: t3 € Ty

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.

@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variables in full run if(z > 0) ts: if(z > 0)
o consider how often 7" is reached (by t, and ts) s—z_1 U=z —1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u N 0)
R(M= X RO - [Pol(®)] (S(E ), .. S(E ) if(z > 0)

¢ start location in 7/
t ¢ T’ reaches ¢

u=u-—1

= multiply runtime approximations 72(,) and 72(ts) with local bound |Pol(£)]

= R(t3) := R(t2) - |Pol(l2)| + R(ts) - |Pol(£2)|



Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1)=R(ts) = x| t1:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t3, ta} =% — 1l

@ Pol(6) =1, Pol(¢z) =0 Thus: t3 € Ty

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.

@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variables in full run if(z > 0) ts: if(z > 0)
o consider how often 7" is reached (by t, and ts) s—z_1 U=z —1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u N 0)
R(M= X RO - [Pol(®)] (S(E ), .. S(E ) if(z > 0)

¢ start location in 7/
t ¢ T’ reaches ¢

u=u-—1

= multiply runtime approximations 72(,) and 72(ts) with local bound |Pol(£)]

= R(t3) == R(t2) - |Pol(£2)| + R(ts) - [Pol(a)] =11+ [x|-1



Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1)=R(ts) = x| t1:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t3, ta} =% — 1l

@ Pol(6) =1, Pol(¢z) =0 Thus: t3 € Ty

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.

@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variables in full run if(z > 0) ts: if(z > 0)
o consider how often 7" is reached (by t, and ts) s—z_1 U=z —1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u N 0)
R(M= X RO - [Pol(®)] (S(E ), .. S(E ) if(z > 0)

¢ start location in 7/
t ¢ T’ reaches ¢

u=u-—1

= multiply runtime approximations 72(,) and 72(ts) with local bound |Pol(£)]

= R(ts3) == R(t2) - [Pol(£2)| + R(t5) - [Pol(a)] =11+ [x[-1 =1+ |x]



Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1)=R(ts) = x|, R(ts)=1+ x| | t;:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t3, ta} =% — 1l

@ Pol(6) =1, Pol(¢z) =0 Thus: t3 € Ty

@ In executions restricted to 7 starting in {2,

t3 is used at most |Pol(f2)| = 1 times.

@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variables in full run if(z > 0) ts: if(z > 0)
o consider how often 7" is reached (by t, and ts) s—z_1 U=z —1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef , ty: if(u N 0)
R(M= X RO - [Pol(®)] (S(E ), .. S(E ) if(z > 0)

¢ start location in 7/
t ¢ T’ reaches ¢

u=u-—1

= multiply runtime approximations 72(,) and 72(ts) with local bound |Pol(£)]

= R(ts3) == R(t2) - [Pol(£2)| + R(t5) - [Pol(a)] =11+ [x[-1 =1+ |x]



Current runtime approximations

Procedure TimeBounds

R(to) =R(t2)=1, R(t1)=R(ts)= x|, R(t3)=1+ x| ty:if(x > 0)
y=y+1

x=x—1
ty: if(x < 0)
A
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-1

Procedure TimeBounds
! !
Let Pol be PRF for 7: CT. For ever}: t /E TLs sef / ty: if(u > 0)
R(t)= > R(@F) - [Pl (S(E v), -, S(E, vp)) if(z > 0)
£ start location in 7/ u=u— 1
t ¢ T’ reaches ¢




Current runtime approximations

Procedure TimeBounds

R(to) =R(t2) =1, R(t1) =R(ts) = x|, R(13)=1+[x| | t;:if(x > 0)

@ use PRF just for subset 7' = {ts} z i z-_'_ 1 to:y =0
to If(X < O)
z=y
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-—1

Procedure TimeBounds
! !
Let Pol be PRF for 7: CT. For ever}: t /E TLs sef / ty: if(u > 0)
R(t)= > R(@F) - [Pl (S(E v), -, S(E, vp)) if(z > 0)
£ start location in 7/ u=u— 1
t ¢ T’ reaches ¢




Current runtime approximations

Procedure TimeBounds

R(to) =R(t2) =1, R(t1) =R(ts) = x|, R(13)=1+[x| | t;:if(x > 0)

@ use PRF just for subset 7' = {ts} z i z-_'_ 1 to:y =0
o 'PO/(fe,) =u
to If(X < O)
z=y
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-—1

Procedure TimeBounds
! !
Let Pol be PRF for 7: CT. For ever}: t /E TLs sef / ty: if(u > 0)
R(t)= > R(@F) - [Pl (S(E v), -, S(E, vp)) if(z > 0)
£ start location in 7/ u=u— 1
t ¢ T’ reaches ¢




Current runtime approximations

Procedure TimeBounds

R(to) =R(t2) =1, R(t1) =R(ts) = x|, R(13)=1+[x| | t;:if(x > 0)

@ use PRF just for subset 7' = {ts} z i z-_'_ 1 to:y =0
® Pol(ls) =u Thus: t4 € T,
to If(X < O)
z=y
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-—1 u=z-—1

Procedure TimeBounds
! !
Let Pol be PRF for 7: CT. For ever}: t /E TLs sef / ty: if(u > 0)
R(t)= > R(@F) - [Pl (S(E v), -, S(E, vp)) if(z > 0)
£ start location in 7/ u=u— 1
t ¢ T’ reaches ¢




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1) =R(ts) = x|, R(13)=1+[x| | t;:if(x > 0)

y=y+1

@ use PRF just for subset 77 = {ts} x=—x—1

@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,

ts is used at most |Pol(¢3)| = |u| times.
ts: if(u < 0)
if(z > 0) ts: if(z > 0)
z=z-1 u=z-1

Procedure TimeBounds
7 !
Let Pol be PRF for 7: CT. For ever}: t /E TLs sef / ty: if(u > 0)
R(t) = Z R(f) ° |’POI(Z)‘ (’S(t7 V1)7 ~"7S(t7 Vn)) if(z > 0)
£ start location in 7/
t¢ T reaches ¢

u=u-—1




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

y=y+1

@ use PRF just for subset 77 = {ts} x=—x—1

@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,

t; is used at most |Pol(¢3)| = |u| times. z=y
@ For global result: ts: if(u < 0)
if(z > 0) t5:if(z > 0)
z=2z-1 u=z-1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef / ty: if(u > 0)
RO = X RE - [Pol)] (SE v]), . S(E vA)) if(z = 0)

£ start location in 7/

: u=u-—1
t ¢ T’ reaches ¢




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

y=y+1

@ use PRF just for subset 77 = {ts} x=—x—1

@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,

t; is used at most |Pol(¢3)| = |u| times. z=y
@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variable u in full run if(z > 0) t3:if(z > 0)
z=z-—1 u=z-1

Procedure TimeBounds

! !
Let Pol be PRF for 7: C T. For ever}: t /E TLs sef / ty: if(u > 0)
RO = X RE - [Pol)] (SE v]), . S(E vA)) if(z = 0)

£ start location in 7/

: u=u-—1
t ¢ T’ reaches ¢




Procedure TimeBounds

Current runtime approximations

R(to) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts} z _ z-_'_ 1
@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,
t; is used at most |Pol(¢3)| = |u| times.

@ For global result: ts: if(u <0
o consider value of 7"'s initial variable u in full run if(z > 0) t3: if(z > 0)
z=z-1 u=z-1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

) / § ty: if(u > 0)
R(t)= X R - [Pl(O) (S(E ), ... S(F vp)) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(¢3)| by |Pol(¢3)] (S(t3, %), ..., S(t3,u’))



Procedure TimeBounds

Current runtime approximations

R(t) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts} z _ Z-_'_ 1
@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,
t; is used at most |Pol(¢3)| = |u| times.

@ For global result: ts: if(u < 0
o consider value of 7"'s initial variable u in full run if(z > 0) t3: if(z > 0)
@ consider how often 7" is reached (by t3) z—z—1 U=z _1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

) / § ty: if(u > 0)
R(t)= X R [Pl(O) (S(E ), ... S(F vp)) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(¢3)| by |Pol(¢3)] (S(t3, %), ..., S(t3,u’))



Procedure TimeBounds

Current runtime approximations

R(t) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts} z _ Z-_'_ 1
@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,
t; is used at most |Pol(¢3)| = |u| times.

@ For global result: ts: if(u < 0
o consider value of 7"'s initial variable u in full run if(z > 0) t3: if(z > 0)
@ consider how often 7" is reached (by t3) z—z—1 U=z _1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

) / § ty: if(u > 0)
R(t)= X R [Pl(O) (S(E ), ... S(F vp)) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(¢3)| by |Pol(¢3)] (S(t3, %), ..., S(t3,u’))

= multiply runtime approximation 72(t;) with local bound |Pol(¢3)| (S(t3, %), ..., S(t3,1))



Procedure TimeBounds

Current runtime approximations

R(t) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts} z _ Z-_'_ 1
@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,
t; is used at most |Pol(¢3)| = |u| times.

@ For global result: ts: if(u < 0
o consider value of 7"'s initial variable u in full run if(z > 0) t3: if(z > 0)
@ consider how often 7" is reached (by t3) z—z—1 U=z _1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

) / § ty: if(u > 0)
R(t)= X R [Pl(O) (S(E ), ... S(F vp)) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(¢3)| by |Pol(¢3)] (S(t3, %), ..., S(t3,u’))
= multiply runtime approximation 72(t;) with local bound |Pol(¢3)| (S(t3, %), ..., S(t3,1))
= R(ta) == R(15) - [Pol(3)] (S(t3,%'), ..., S(t3,0))



Procedure TimeBounds

Current runtime approximations

R(to)=R(t2)=1, R(t1)=R(ts) =|x[, R(ts) =1+ [x] ty:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t4} x=—x—1

@ Pol(f3) =u Thus: ta € TL

@ In executions restricted to 7 starting in {3,

t; is used at most |Pol(¢3)| = |u| times. z=y

@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variable u in full run if(z > 0) ts:if(z > 0)
@ consider how often 7" is reached (by t3) y—z—1 U=z _1

Procedure TimeBounds

! !
Let Pol be PRF for T~ CT. For ever}: teT!, sei: to: if(u > 0)
RO= X RE - [PlO] (SE V), S(E VS)) iz - 0)

£ start location in 7/

: u=u-—1
t ¢ T’ reaches ¢

= replace |Pol(43)| by |Pol(43)| (S(t3,%'), ..., S(t3,1'))
= multiply runtime approximation 72(t;) with local bound |Pol(¢3)| (S(t3, %), ..., S(t3,1))
= R(ts) = R(t3) - [Pol(€3)| (S(ts, %), ..., S(t3,u")) = (1 + [x]) - Pol(l3) (S(t3,%'), ..., S(ts, "))



Procedure TimeBounds

Current runtime approximations

R(to)=R(t2)=1, R(t1)=R(ts) =|x[, R(ts) =1+ [x] ty:if(x > 0)

y=y+1

@ use PRF just for subset 7' = {t4} x=—x—1

@ Pol(f3) =u Thus: ta € TL

@ In executions restricted to 7 starting in {3,

t; is used at most |Pol(¢3)| = |u| times. z=y

@ For global result: ts: if(u < 0)
o consider value of 7”'s initial variable u in full run if(z > 0) ts:if(z > 0)
@ consider how often 7" is reached (by t3) y—z—1 U=z _1

Procedure TimeBounds

! !
Let Pol be PRF for T~ CT. For ever}: teT!, sei: to: if(u > 0)
RO= X RE - [PlO] (SE V), S(E VS)) iz - 0)

£ start location in 7/

: u=u-—1
t ¢ T’ reaches ¢

= replace |Pol(43)| by |Pol(43)| (S(t3,%'), ..., S(t3,1'))
= multiply runtime approximation 72(t;) with local bound |Pol(¢3)| (S(t3, %), ..., S(t3,1))
= R(ta) := R(t3) - [Pol(€3)| (S(t3,%), ..., S(t3,0')) = (1 + [x]) - [u] (S(t3,%'), ..., S(t3, "))



Procedure TimeBounds

Current runtime approximations

R(t) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts} z _ Z-_'_ 1
@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,
t; is used at most |Pol(¢3)| = |u| times.

@ For global result: ts: if(u < 0
o consider value of 7"'s initial variable u in full run if(z > 0) t3: if(z > 0)
@ consider how often 7" is reached (by t3) z—z—1 U=z _1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

) / § ty: if(u > 0)
R(t)= X R [Pl(O) (S(E ), ... S(F vp)) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(¢3)| by |Pol(¢3)] (S(t3, %), ..., S(t3,u’))
= multiply runtime approximation 72(t;) with local bound |Pol(¢3)| (S(t3, %), ..., S(t3,1))
= R(ts) 1= R(3) - |Pol(l3)] (S(ts, %), .., S(t3,0)) = (1 + [x]) - S(t5,)



Procedure TimeBounds

Current runtime approximations

R(t) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts} z _ Z-_'_ 1
@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,
t; is used at most |Pol(¢3)| = |u| times.

@ For global result: ts: if(u < 0
o consider value of 7"'s initial variable u in full run if(z > 0) t3: if(z > 0)
@ consider how often 7" is reached (by t3) z—z—1 U=z _1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

) / § ty: if(u > 0)
R(t)= X R [Pl(O) (S(E ), ... S(F vp)) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(¢3)| by |Pol(¢3)] (S(t3, %), ..., S(t3,u’))
= multiply runtime approximation 72(t;) with local bound |Pol(¢3)| (S(t3, %), ..., S(t3,1))
= R(ty) := R(t3) - [Pol(t3)| (S(t3,x'), ..., S(ts,0')) = (1 + |x]) - [x|



Procedure TimeBounds

Current runtime approximations

R(t) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

= 1
@ use PRF just for subset 7' = {ts} z _ Z-_'_ 1
@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,
t; is used at most |Pol(¢3)| = |u| times.

@ For global result: ts: if(u < 0
o consider value of 7"'s initial variable u in full run if(z > 0) t3: if(z > 0)
@ consider how often 7" is reached (by t3) z—z—1 U=z _1

Procedure TimeBounds

Let Pol be PRF for 7/ C T. For every t € T/, set

) / § ty: if(u > 0)
R(t)= X R [Pl(O) (S(E ), ... S(F vp)) if(z > 0)
4 ftart location in 77/ u=u— 1
t ¢ T’ reaches ¢

= replace |Pol(¢3)| by |Pol(¢3)] (S(t3, %), ..., S(t3,u’))
= multiply runtime approximation 72(t;) with local bound |Pol(¢3)| (S(t3, %), ..., S(t3,1))
= R(ts) = R(t3) - |Pol(€3)| (S(t3,%'), ..., S(t3,0")) = (1 + |x|) - |x| = |x| + =2



Procedure TimeBounds

Current runtime approximations

R(t) =R(t2) =1, R(t1) =R(ts) = x|, R(t3)=1+[x| | t;:if(x > 0)

y=y+1

@ use PRF just for subset 77 = {ts} x=—x—1

@ Pol(f3) =u Thus: ta € T.

@ In executions restricted to 7 starting in /3,

t; is used at most |Pol(¢3)| = |u| times. z=y

@ For global result: ts: if(u < 0
o consider value of 7"'s initial variable u in full run if(z > 0) t3: if(z > 0)
@ consider how often 7" is reached (by t3) z—z—1 U=z _1

Overall runtime approximation

ty: if(u > 0)
R(to) + ... +R(ts) =3+ 4 |x| + x> if(z > 0)

u=u-—1

= replace |Pol(¢3)| by |Pol(¢3)] (S(t3, %), ..., S(t3,u’))
= multiply runtime approximation 72(t;) with local bound |Pol(¢3)| (S(t3, %), ..., S(t3,1))
= R(ts) = R(t3) - |Pol(€3)| (S(t3,%'), ..., S(t3,0")) = (1 + |x|) - |x| = |x| + =2



Runtime and Size Complexity of Integer Programs

Procedure
Let Pol be PRF for 7/ C T. For every t € T/, set
R(t)= X R(D) - [Pl(O)] (S(E, v(), ., S(E v))

£ start location in 7/

3 !
t ¢ T’ reaches £ y

Procedure

@ For initial transitions t, set S(t, v') := S)(t, v’)

@ For other [t, v/| in trivial SCCs, set S(t,Vv') :=
max{S;(t,v') (S(t,v{), ..., S(,v})) | T predecessor of t}

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=
max{S(a) | o predecessor of C} + > o1 R(a) - ea

v
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Overall Procedure

Let Pol be PRF for 7/ C T. For every t € T/, set
R(t)= X R(D) - [Pl(O)] (S(E, v(), ., S(E v))

£ start location in 7/ (R, S) = (Ro, 80)
t ¢ T’ reaches £

Input: Program T

v

while there exist t, v with
R(6) = 7 or S(e,)~ 7 do

@ For initial transitions t, set S(t, v') := S)(t, v’)
e =7

@ For other [t, v/| in trivial SCCs, set S(t,Vv') := T = {t €T IR(t) =17} ,

max{S;(t,v') (S(t,v{), ..., S(,v})) | T predecessor of t} R := TimeBounds(R,S,7T")

@For |t, v/| in non-trivial SCCs C, set S(t, V') :=

max{S(a) | o predecessor of C} + > o1 R(a) - ea 7 el S € @t G

y in topological order do
S := SizeBounds(R, S, C)
done
done

Output: Runtime approximation R,
Size approximation S
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(R,S) := (Ro, So)
@ compute runtime bounds for program parts
based on size bounds for preceding parts while there exist t, v with
R(t) =7?or S(t,v') =7 do

) ) T ={teT|R(t)=17}
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@ alternate finding runtime and size bounds Overall Procedure

@ compute size bounds by combining local Input: Program T

variable changes with runtime bounds

(R,S) := (Ro, So)
@ compute runtime bounds for program parts

based on size bounds for preceding parts while there exist t, v with
R(t) =7?or S(t,v') =7 do

) ) T ={teT|R(t)=17}
@ only consider small program parts at a time R := TimeBounds(R,S, T")
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@ Extensions done

@ recursive procedure calls
Output: Runtime approximation R,

) Size approximation S
@ separate analysis of procedures and loops b

@ advanced cost measures
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Related Work on Symbolic Complexity Analysis

@ PUBS/COSTA (Albert et al)
@ Rank (Alias et al)

Prototype Implementation KoAT
@ 682 examples (including collections of other tools)
@ time-out of 60 seconds

@ Time: average runtime on those examples where tool was successful

1llog n| n[nlog n[n?[n3[n>3]EXP|Time
KoAT|120 0[142 0|59| 3| 3 0|1.1s
PUBS| 85 4|104 1113/ 4/ O 6| 3s
Rank| 56 0l 19 0] 8 1 O 0] 5s




Related Work and Experiments

Related Work on Symbolic Complexity Analysis

@ PUBS/COSTA (Albert et al)
@ Rank (Alias et al)

Prototype Implementation KoAT

@ 682 examples (including collections of other tools)
@ time-out of 60 seconds

@ Time: average runtime on those examples where tool was successful

2

W

1llog n| n[nlog n[n?[n3[n>3]EXP|Time
KoAT|120 0[142 0/59| 3| 3 0/1.1s
PUBS| 85 4|104 1113/ 4/ O 6| 3s
Rank| 56 0l 19 0] 8 1 O 0] 5s

= substantially more powerful and still efficient



Runtime and Size Complexity of Integer Programs

@ alternate finding runtime and size bounds Overall Procedure

@ compute size bounds by combining local Input: Program T

variable changes with runtime bounds
_ (R,S) := (Ro, So)
e compute runtime bounds for program parts
based on size bounds for preceding parts while there exist t, v with

R(t)=7?or S(t,v') =7 do

| i I . T ={teT|R(t)="1}
@ only consider small program parts at a time R := TimeBounds(R, S, 7T”")

o linear rank functions usually sufficient
for all SCCs C of the RVG
in topological order do
S := SizeBounds(R, S, C)
done

@ approach scales to larger programs

@ Extensions
done

@ recursive procedure calls
Output: Runtime approximation R,

. Size approximation &
@ separate analysis of procedures and loops y

@ advanced cost measures




