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Termination Analysis of TRSs

useful for termination of programs (Java, Haskell, Prolog, . . . )

Dependency Pair Framework
modular combination of different techniques
automatable

Complexity Analysis of TRSs

should be useful for of programs ⇒ Innermost Runtime Complexity

adapt Dependency Pair Framework

Hirokawa & Moser (IJCAR ’08, LPAR ’08)
first adaption of DPs for complexity
not modular

Zankl & Korp (RTA ’10)
modular approach based on relative rewriting
for Derivational Complexity
(cannot exploit strength of DPs for innermost rewriting)

new approach: direct adaption of DP framework (CADE ’11)
modular combination of different techniques
automated and more powerful than previous approaches
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Innermost Runtime Complexity

R : double(0) → 0
double(s(x)) → s(s(double(x)))

Derivation Height dh(t): length of longest i→R-sequence with t

dh( double(sk(0)) ) = k + 1

dh( doublek(s(0)) ) ≈ 2k

Basic Terms f (t1, . . . , tn)

f defined symbol (double), t1, . . . , tn no defined symbols (s, 0)

Complexity ιR of TRS R:

length of longest i→R-sequence with basic term t where |t| ≤ n

ιR = Pol0 iff length ∈ O(1) ιR = Pol1 iff length ∈ O(n)
ιR = Pol2 iff length ∈ O(n2) . . .

Example: ιR = Pol1
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Dependency Tuples

m(x , y)→ if(gt(x , y), x , y) gt(0, k)→ false p(0)→ 0
if(true, x , y)→ s(m(p(x), y)) gt(s(n), 0)→ true p(s(n))→ n
if(false, x , y)→ 0 gt(s(n), s(k))→ gt(n, k)

Termination Analysis: Dependency Pairs

compare lhs with subterms of rhs that start with defined symbol

m

]

(x , y)→ if

]

(gt(x , y), x , y) if

]

(true, x , y)→ m

]

(p(x), y)
m

]

(x , y)→ gt

]

(x , y) if

]

(true, x , y)→ p

]

(x)
gt

]

(s(n), s(k))→ gt

]

(n, k)

Complexity Analysis: Dependency Tuples

compare lhs with all defined subterms of rhs at once

m](x , y)→ Com2(if](gt(x , y), x , y), gt](x , y)) p](0)→ Com0

if](true, x , y)→ Com2(m](p(x), y), p](x)) p](s(n))→ Com0

if](false, x , y)→ Com0 gt](0, k)→ Com0

gt](s(n), 0)→ Com0

gt](s(n), s(k))→ Com1(gt](n, k))
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Chain Trees

DT(R) : m](x , y)→ Com2(if](gt(x , y), x , y), gt](x , y)) p](0)→ Com0

if](true, x , y)→ Com2(m](p(x), y), p](x)) p](s(n))→ Com0

if](false, x , y)→ Com0 gt](0, k)→ Com0

gt](s(n), 0)→ Com0

gt](s(n), s(k))→ Com1(gt](n, k))

(D,R)-Chain Tree:

Edge σ1(

u] → Comn(v ]
1 , . . . , v

]
n)

) to σ2(w ] → Comm(. . .)) if v ]
i σ1

i→∗R w ]σ2

m](s(0), 0) → Com2(if
](gt(s(0), 0), s(0), 0), gt](s(0), 0))

if](true, s(0), 0) → Com2(m](p(s(0)), 0), p](s(0))) gt](s(0), 0) → Com0

m](s(0), 0) → Com2(if
](gt(s(0), 0), s(0), 0), gt](s(0), 0)) p](s(0)) → Com0

if](false, s(0), 0) → Com0 gt](s(0), 0) → Com0
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If D = DT (R), then ιR ≤ ι〈D,D,R〉.
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Chain Trees and Complexity
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⇒Find out ι〈D,S,R〉

⇒Repeatedly replace DT problem 〈D,S,R〉 by simpler 〈D′,S ′,R′〉, examine ι〈D′,S′,R′〉

⇒Start with canonical DT problem 〈DT(R),DT(R),R〉

DT Processor: Proc(P) = (c ,P ′) P,P ′ DT problems, c ∈ {Pol0,Pol1, . . .}
where ιP ≤ max(c , ιP′)

Proof Chain:

P

0

c

1

 P

′
1

c2 P2
c3 . . .

ck Pk P0 = 〈DT(R),DT(R),R〉 canonical

ιR ≤ ιP0 ≤ max(c1, Pk = 〈Dk ,∅,Rk〉 solved
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Leaf Removal Processor

Dependency Graph: edge from DT u → v to w → t in dep. graph

iff
edge from σ1( u → v) to σ2(w → t) in chain tree

Leaf Removal Processor: 〈D,S,R〉 Pol0 〈D \ {w → t}, S \ {w → t}, R〉
if w → t is leaf in dependency graph

Example: 〈D,D,R〉 Pol0 〈D′,D′,R〉

R : q(0, s(y), s(z))→0, q(s(x), s(y), z)→q(x , y , z), q(x , 0, s(z))→s(q(x , s(z), s(z)))

D′: q](0, s(y), s(z))→ Com0 q](s(x), s(y), z)→ Com1(q](x , y , z))

q](x , 0, s(z))→ Com1(q](x , s(z), s(z)))
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R〉

when computing ι〈D,S,R〉, we already took ι〈D,K,R〉 into account
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Reduction Pair Processor

Termination: ` % r for all DPs and rules, remove DPs with ` � r

Complexity: ` % r for all DTs and rules, move DTs with ` � r from S to K

Reduction Pair Processor: 〈D,S,K,R〉 Polm 〈D, S \D�, K∪D�, R〉 if

D ⊆ % ∪ �

, R ⊆ %

m is the maximal degree of polynomials [f ]]

Example: 〈D,D,∅,R〉 Pol0 〈D′,D′,∅,R〉 Pol0 〈D′,D′,∅,∅〉

Pol1 〈D′, {(2)}, {(1)},∅〉

UR(D′) :

D′: q](s(x), s(y), z)→ Com0 (1) q](s(x), s(y), z)→ Com1(q](x , y , z))

(2) q](x , 0, s(z))→ Com1(q](x , s(z), s(z)))

Polynomial Order

[Com1](x) = x

[q]](x , y , z) = x

[s](x) = x + 1
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Reduction Pair Processor

Termination: ` % r for all DPs and rules, remove DPs with ` � r

Complexity: ` % r for all DTs and rules, move DTs with ` � r from S to K

Reduction Pair Processor: 〈D,S,K,R〉 Polm 〈D, S \D�, K∪D�, R〉 if
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Knowledge Propagation Processor

Lemma: ι〈D,{w→t},R〉 ≤ ι〈D,Pre(w→t),R〉

Pre(w → t): all predecessors of w → t in dependency graph

〈D,S,K,R〉: do not take ι〈D,S,R〉 into account if ι〈D,S,R〉 ≤ ι〈D,K,R〉

KP Processor: 〈D,S,K,R〉 Pol0 〈D, S \ {w → t}, K∪{w → t}, R〉
if w → t ∈ S and Pre(w → t) ⊆ K
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Knowledge Propagation Processor

Proof Chain: P0
c1 . . .

ck Pk

ιR ≤ ιP0 ≤ max(c1, . . . , ck)

R : q(0, s(y), s(z))→0, q(s(x), s(y), z)→q(x , y , z), q(x , 0, s(z))→s(q(x , s(z), s(z)))
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ιR ≤ max(Pol0,Pol0,Pol1,Pol0) = Pol1
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Narrowing Processor

Narrowing Processor: 〈D,S,K,R〉 Pol0 〈D′,S ′,K′,R〉 where
in D′, S ′, some w → t is replaced by all its narrowings

Narrowings of m](x , y) → Com2(if](gt(x , y), x , y), gt](x , y))

m](0, k)→ Com2(if](false, 0, k), gt](0, k))

m](s(n), 0)→ Com2(if](true, s(n), 0), gt](s(n), 0))

m](s(n), s(k))→ Com2(if](gt(n, k), s(n), s(k)), gt](s(n), s(k)))

〈D,D,∅,R〉 Pol0 
∗
〈D1,D1,∅,R1〉

Pol0 
∗
〈D2,D2,∅,R1〉

Pol0 
∗
〈D3,D3,∅,R2〉

Pol2 〈D3,∅,D3,R2〉

R1 : m(x , y) → if(gt(x , y), x , y) gt(0, k) → false p(0) → 0
if(false, x , y) → 0 gt(s(n), 0) → true p(s(n)) → n
if(true, x , y) → s(m(p(x), y)) gt(s(n), s(k)) → gt(n, k)

D1 : m](x , y)→ Com2(if](gt(x , y), x , y), gt](x , y)) p](. . .)→ Com0

if](false, x , y)→ Com0 gt](. . .)→ Com0

if](true, x , y)→ Com2(m](p(x), y), p](x)) gt](s(n), s(k))→ Com1(gt](n, k))
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Pol2 〈D3,∅,D3,R2〉

R1 : m(x , y)→ if(gt(x , y), x , y) gt(0, k) → false p(0) → 0
if(false, x , y)→ 0 gt(s(n), 0) → true p(s(n)) → n
if(true, x , y)→ s(m(p(x), y)) gt(s(n), s(k)) → gt(n, k)

D1 : m](x , y)→ Com2(if](gt(x , y), x , y), gt](x , y)) p](. . .)→ Com0

if](false, x , y)→ Com0 gt](. . .)→ Com0

if](true, x , y)→ Com2(m](p(x), y), p](x)) gt](s(n), s(k))→ Com1(gt](n, k))



Narrowing Processor

Narrowing Processor: 〈D,S,K,R〉 Pol0 〈D′,S ′,K′,R〉 where
in D′, S ′, some w → t is replaced by all its narrowings

Narrowings of m](x , y) → Com2(if](gt(x , y), x , y), gt](x , y))

m](0, k)→ Com2(if](false, 0, k), gt](0, k))

m](s(n), 0)→ Com2(if](true, s(n), 0), gt](s(n), 0))

m](s(n), s(k))→ Com2(if](gt(n, k), s(n), s(k)), gt](s(n), s(k)))

〈D,D,∅,R〉 Pol0 
∗
〈D1,D1,∅,R1〉

Pol0 
∗
〈D2,D2,∅,R1〉

Pol0 
∗
〈D3,D3,∅,R2〉

Pol2 〈D3,∅,D3,R2〉

R1 : m(x , y)→ if(gt(x , y), x , y) gt(0, k) → false p(0) → 0
if(false, x , y)→ 0 gt(s(n), 0) → true p(s(n)) → n
if(true, x , y)→ s(m(p(x), y)) gt(s(n), s(k)) → gt(n, k)

D2 : m](s(n), 0)→ Com2(if](true, s(n), 0), gt](s(n), 0)) p](. . .)→ Com0

m](s(n), s(k))→ Com2(if](gt(n, k), s(n), s(k)), gt](s(n), s(k)))

if](true, x , y)→ Com2(m](p(x), y), p](x)) gt](s(n), s(k))→ Com1(gt](n, k))



Narrowing Processor

Narrowing Processor: 〈D,S,K,R〉 Pol0 〈D′,S ′,K′,R〉 where
in D′, S ′, some w → t is replaced by all its narrowings

Narrowings of m](x , y) → Com2(if](gt(x , y), x , y), gt](x , y))

m](0, k)→ Com2(if](false, 0, k), gt](0, k))

m](s(n), 0)→ Com2(if](true, s(n), 0), gt](s(n), 0))

m](s(n), s(k))→ Com2(if](gt(n, k), s(n), s(k)), gt](s(n), s(k)))

〈D,D,∅,R〉 Pol0 
∗
〈D1,D1,∅,R1〉

Pol0 
∗
〈D2,D2,∅,R1〉

Pol0 
∗
〈D3,D3,∅,R2〉

Pol2 〈D3,∅,D3,R2〉

R2 : m(x , y)→ if(gt(x , y), x , y) gt(0, k) → false p(0)→ 0
if(false, x , y)→ 0 gt(s(n), 0) → true p(s(n))→ n
if(true, x , y)→ s(m(p(x), y)) gt(s(n), s(k)) → gt(n, k)

D3 : m](s(n), 0)→ Com2(if](true, s(n), 0), gt](s(n), 0)) p](. . .)→ Com0

m](s(n), s(k))→ Com2(if](gt(n, k), s(n), s(k)), gt](s(n), s(k)))

if](true, s(n), y)→ Com2(m](n, y), p](s(n))) gt](s(n), s(k))→ Com1(gt](n, k))



Narrowing Processor

Reduction Pair Processor: 〈D,S,K,R〉 Polm 〈D,S \D�,K∪D�,R〉 where
m is the maximal degree of polynomials [f ]]

Polynomial Order

[0] = [true] = [false] = [p]](x) = 0, [s](x) = x + 2

[gt](x , y) = [gt]](x , y) = x

[m]](x , y) = (x + 1)2, [if]](x , y , z) = y2

〈D,D,∅,R〉 Pol0 
∗
〈D1,D1,∅,R1〉

Pol0 
∗
〈D2,D2,∅,R1〉

Pol0 
∗
〈D3,D3,∅,R2〉

Pol2 〈D3,∅,D3,R2〉

R2 : m(x , y)→ if(gt(x , y), x , y) gt(0, k) % false p(0)→
if(false, x , y)→ 0 gt(s(n), 0) % true p(s(n))→ n
if(true, x , y)→ s(m(p(x), y)) gt(s(n), s(k)) % gt(n, k)

D3 : m](s(n), 0) � Com2(if](true, s(n), 0), gt](s(n), 0)) p](. . .)→ Com0

m](s(n), s(k)) � Com2(if](gt(n, k), s(n), s(k)), gt](s(n), s(k)))

if](true, s(n), y) � Com2(m](s(n), y), p](s(n))) gt](s(n), s(k)) � Com1(gt](n, k))



Narrowing Processor

Reduction Pair Processor: 〈D,S,K,R〉 Polm 〈D,S \D�,K∪D�,R〉 where
m is the maximal degree of polynomials [f ]]

Polynomial Order

[0] = [true] = [false] = [p]](x) = 0, [s](x) = x + 2

[gt](x , y) = [gt]](x , y) = x

[m]](x , y) = (x + 1)2, [if]](x , y , z) = y2

〈D,D,∅,R〉 Pol0 
∗
〈D1,D1,∅,R1〉

Pol0 
∗
〈D2,D2,∅,R1〉

Pol0 
∗
〈D3,D3,∅,R2〉

Pol2 〈D3,∅,D3,R2〉
R2 : m(x , y)→ if(gt(x , y), x , y) gt(0, k) % false p(0)→

if(false, x , y)→ 0 gt(s(n), 0) % true p(s(n))→ n
if(true, x , y)→ s(m(p(x), y)) gt(s(n), s(k)) % gt(n, k)

D3 : m](s(n), 0) � Com2(if](true, s(n), 0), gt](s(n), 0)) p](. . .)→ Com0

m](s(n), s(k)) � Com2(if](gt(n, k), s(n), s(k)), gt](s(n), s(k)))

if](true, s(n), y) � Com2(m](s(n), y), p](s(n))) gt](s(n), s(k)) � Com1(gt](n, k))



Narrowing Processor

Reduction Pair Processor: 〈D,S,K,R〉 Polm 〈D,S \D�,K∪D�,R〉 where
m is the maximal degree of polynomials [f ]]

Polynomial Order

[0] = [true] = [false] = [p]](x) = 0, [s](x) = x + 2

[gt](x , y) = [gt]](x , y) = x

[m]](x , y) = (x + 1)2, [if]](x , y , z) = y2

〈D,D,∅,R〉 Pol0 
∗
〈D1,D1,∅,R1〉

Pol0 
∗
〈D2,D2,∅,R1〉

Pol0 
∗
〈D3,D3,∅,R2〉

Pol2 〈D3,∅,D3,R2〉

R2 : m(x , y)→ if(gt(x , y), x , y) gt(0, k) % false p(0)→
if(false, x , y)→ 0 gt(s(n), 0) % true p(s(n))→ n
if(true, x , y)→ s(m(p(x), y)) gt(s(n), s(k)) % gt(n, k)

ιR ≤ max(Pol0, . . . ,Pol0,Pol2)

= Pol2

if](true, s(n), 0), gt](s(n), 0))

if](true, s(n), 0), gt](s(n), 0))



Narrowing Processor

Reduction Pair Processor: 〈D,S,K,R〉 Polm 〈D,S \D�,K∪D�,R〉 where
m is the maximal degree of polynomials [f ]]

Polynomial Order

[0] = [true] = [false] = [p]](x) = 0, [s](x) = x + 2

[gt](x , y) = [gt]](x , y) = x

[m]](x , y) = (x + 1)2, [if]](x , y , z) = y2

〈D,D,∅,R〉 Pol0 
∗
〈D1,D1,∅,R1〉

Pol0 
∗
〈D2,D2,∅,R1〉

Pol0 
∗
〈D3,D3,∅,R2〉

Pol2 〈D3,∅,D3,R2〉

R2 : m(x , y)→ if(gt(x , y), x , y) gt(0, k) % false p(0)→
if(false, x , y)→ 0 gt(s(n), 0) % true p(s(n))→ n
if(true, x , y)→ s(m(p(x), y)) gt(s(n), s(k)) % gt(n, k)

ιR ≤ max(Pol0, . . . ,Pol0,Pol2) = Pol2
if](true, s(n), 0), gt](s(n), 0))

if](true, s(n), 0), gt](s(n), 0))



DT Framework for Innermost Complexity Analysis

Direct adaption of DP framework for termination analysis

Modular combination of different techniques

Experiments on 1323 TRSs from Termination Problem Data Base

AProVE: 618 examples with polynomial runtime
CaT: 447 examples with polynomial runtime
TCT: 385 examples with polynomial runtime

CaT
Pol0 Pol1 Pol2 Pol3 no result

∑

A
P

ro
V

E

Pol0 - 182 - - 27 209
Pol1 - 187 7 - 76 270
Pol2 - 32 2 - 83 117
Pol3 - 6 - - 16 22

no result - 27 3 1 674 705∑
0 434 12 1 876 1323

http://aprove.informatik.rwth-aachen.de/
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DT Framework for Innermost Complexity Analysis

Direct adaption of DP framework for termination analysis

Modular combination of different techniques

Experiments on 1323 TRSs from Termination Problem Data Base

AProVE: 618 examples with polynomial runtime
CaT: 447 examples with polynomial runtime
TCT: 385 examples with polynomial runtime

TCT
Pol0 Pol1 Pol2 Pol3 no result

∑

A
P

ro
V

E

Pol0 10 157 - - 42 209
Pol1 - 152 1 - 117 270
Pol2 - 35 - - 82 117
Pol3 - 5 - - 17 22

no result - 22 3 - 680 705∑
10 371 4 0 938 1323

http://aprove.informatik.rwth-aachen.de/
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