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Complexity Analysis of TRSs

@ should be useful for of programs = Innermost Runtime Complexity
@ adapt Dependency Pair Framework

e Hirokawa & Moser (IJCAR '08, LPAR '08)

o first adaption of DPs for complexity
@ not modular

e Zankl & Korp (RTA '10)
@ modular approach based on relative rewriting
o for Derivational Complexity
(cannot exploit strength of DPs for innermost rewriting)

e new approach: direct adaption of DP framework (CADE '11)

@ modular combination of different techniques
@ automated and more powerful than previous approaches
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Innermost Runtime Complexity

R : double(0) — 0
double(s(x)) — s(s(double(x)))

Derivation Height dh(t): length of longest -+ -sequence with t

o dh(double(sk(0))) = k+1
o dh(double*(s(0))) ~ 2k

Basic Terms f(ty,.. .. th)
f defined symbol (double), #..... t, no defined symbols (s, 0)

o Complexity 1z of TRS R:
length of longest -»x-sequence with basic term t where |t| < n

tr = Poly iff length € O(1) tg = Poly iff length € O(n)
tr = Pol> iff length € O(n?)

Example: g = Poly
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where tp < max(c, tpr)

Proof Chain: Py <5 Py 3 P, & .. % Py P, = (DT(R),DT(R),R) canonical
tpy < max(cy, e, ..., Ck) Py = (Dy, 9, Ri) solved



Chain Trees and Complexity

If D= DT(R), then 1z < 1(ppR)-
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Dependency Graph: edge from DTu — v to w — t in dep. graph iff
edge from o1(u — v) to oa(w — t) in chain tree
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Leaf Removal Processor

Dependency Graph: edge from DTu — v to w — t in dep. graph iff
edge from o1(u — v) to oa(w — t) in chain tree

Example:
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edge from o1(u — v) to oa(w — t) in chain tree
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Q
D: [ a4(0.5().5(2)) = Comg ——— a(s(x). 5(). 2) = Cormn(a(x.y. 2))]
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Dependency Graph: edge from DTu — v to w — t in dep. graph iff
edge from o1(u — v) to oa(w — t) in chain tree

Leaf Removal Processor: (D,S, R) s (D\{w — t}, S\ {w — t}, R)
if w — t is leaf in dependency graph

Example: (D,D,R)
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Leaf Removal Processor

Dependency Graph: edge from DTu — v to w — t in dep. graph iff
edge from o1(u — v) to oa(w — t) in chain tree

Leaf Removal Processor: (D,S, R) s (D\{w — t}, S\ {w — t}, R)
if w — t is leaf in dependency graph

Example: (D,D,R) 2° (D', D', R)

R+ a(0,5(), 5(2)) =0, a(s(x),5(y):2) +a(x,¥,2), a(x,0,5(2)) = s(a(x5(2), 5(2)))
Q

D |0(5(x); 5(y),2) > Comn(d(x,,2)) |
]

|4%(x,0,5(2)) — Comi(q*(x,5(2), 5(2)) |




Usable Rules Processor

Usable Rules Uz (D): rules from R that can reduce rhs of D

Example: (D,D,R) 2 (D',D',R)
R:q(0,s(y),s(2)) =0, q(s(x),s(y),z)—=a(x,y,z), a(x,0,s(z))—=s(q(x,s(z),s(z)))

- q*(s(x), s(y), z) = Comy(q*(x,y, 2))

a(x,0,s(z)) — Comy(q*(x,s(2),s(2)))
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Usable Rules Processor

Usable Rules Uz (D): rules from R that can reduce rhs of D

Usable Rules Processor: (D, S, R) Pl (D, S, Ur(D))

Example: (D,D,R) 2° (D/,D',R) 2 p Do)
UR(D/)Z
D" q*(s(x),s(v), 2) = Comi(q*(x, y, 2))

af(x,0,s(z)) — Comy(q*(x,s(2),s(2)))



Extended DT Problems

DT Problem: (D,S, R)

Example: (D,D,R) 2 (D', D, R) b p Do)

- q*(s(x), s(y), z) = Comy(q*(x,y, 2))

a(x,0,s(z)) — Comy(q*(x,s(2),s(2)))



Extended DT Problems

DT Problem: (D,S, R)

Canonical DT Problem: (DT(R),DT(R), R)
Polqy , ’ Poly , ,
Example: (D,D,R) '~ (D' ,D',R) ~ (D, D, o)
D" a*(s(x);s(y), 2) — Com(a*(x,y, 2))

a(x,0,s(z)) — Comy(q*(x,s(2),s(2)))
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DT Problem: (D,S, R)

@ when computing ¢p s ), we already took ¢(p x z) into account

Canonical DT Problem: (DT(R),DT(R), R)
Polqy , ’ Poly , ,
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@ when computing ¢p s ), we already took ¢(p x z) into account

_J upswry fupsr) > upiR)
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Canonical Extended DT Problem: (DT(R),DT(R), <, R)
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Reduction Pair Processor

Termination: ¢ = r for all DPs and rules, remove DPs with ¢ > r

Poly Poly
> >

Example: (D,D, 2, R) (D', D', &, R) (D', D', 2,2)
(1) a*(s(x),s(y). z) —+ Com(q*(x, y.2))

(2) 9*(x,0,5(2)) — Comi(a*(x,5(2).5(2)))



Reduction Pair Processor

Termination: ¢ = r for all DPs and rules, remove DPs with ¢ > r

Complexity: ¢ r for all DTs and rules, move DTs with ¢ > r from S to

Poly Poly
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Example: (D,D, 2, R) (D', D', &, R) (D', D', 2,2)
(1) a*(s(x).s(y), z) = Comi(a*(x. y, 2))

(2) 9*(x,0,5(2)) — Comi(a*(x,5(2).5(2)))
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Termination: ¢ = r for all DPs and rules, remove DPs with ¢ > r
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Termination: ¢ = r for all DPs and rules, remove DPs with ¢ > r

Complexity: ¢ r for all DTs and rules, move DTs with ¢ > r from S to
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Polynomial Order
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Termination: ¢ = r for all DPs and rules, remove DPs with ¢ > r

Complexity: ¢ r for all DTs and rules, move DTs with ¢ > r from S to

Reduction Pair Processor: (D,S,/C,R) Pl (D, S\D., KUD._, R) if

eD C ZuU»> RCZ

@ m is the maximal degree of polynomials [f¥]

Example: (D,D,,R) 22 (D',D',o,R) o Do, @)
Polynomial Order
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[10) = x + 1 (2)  (x x
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Termination: ¢ = r for all DPs and rules, remove DPs with ¢ > r

Complexity: ¢ r for all DTs and rules, move DTs with ¢ > r from S to

Reduction Pair Processor: (D,S,/C,R) Pl (D, S\D., KUD._, R) if
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Reduction Pair Processor

Termination: ¢ = r for all DPs and rules, remove DPs with ¢ > r

Complexity: ¢ r for all DTs and rules, move DTs with ¢ > r from S to

Reduction Pair Processor: (D,S,/C,R) Pl (D, S\D., KUD._, R) if

eD C ZuU»> RCZ

@ m is the maximal degree of polynomials [f¥]

Example: (D,D,,R) 22 (D',D',o,R) o Do, @)
Pol
S (D211, 2)
Polynomial Order
[Comi](x) = x (1) (s(x) N N

[@F](x,y,2) = x
[s](x) = x+1 (2) @ x z x



Knowledge Propagation Processor

Lemma: vp (13 R) < 4D, Pre(w—st),R)
e Pre(w — t): all predecessors of w — ¢t in dependency graph

Example: (D,D,2,R) < (D', D, &, R)

P (@)1, (1)), @)

Pol
>0 (DD, 5, 2)

A
(1) 4*(s(x). 5(y). 2) = Com(a¥(x.y. 2)) |
)
[(2) 6 (x.0,5(2)) = Corn(ef(x.5(2).5(2))) |
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Lemma: vp (13 R) < 4D, Pre(w—st),R)
e Pre(w — t): all predecessors of w — ¢t in dependency graph

o (D,S,/C,R): do not take vp s Ry into account if vp s 7y < tip i R)

KP Processor: (D,S,/C,R) =2 (D, S\{w — t}, KU{w — t}, R)
if w—teSand Pre(w —t) CKC
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Example: (D,D,o,R) 2° (D',D,2,R) o p Do, o)
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A
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Knowledge Propagation Processor

Proof Chain: Py % ... % P,

Example: (D,D,,R) < (D', D, 2, R) o p Do, o)
2 ) (), 2) 22 (0,2, (1), (2)), 2)



Knowledge Propagation Processor

Proof Chain: Py % ... % P, tpy, < max(cy,. .., ck)
Poly PRy Poly PR
Example: (D,D,o,R) ~~ (D', D', 2, R) ~ (DD, @, o)
D @) (1)) (D, 2,{(1).(2)}, 2)



Knowledge Propagation Processor

Proof Chain: Py % ... % P, 1R < tpy < max(cy,...,ck)
/ I
Example: (D,D,,R) < (D', D, 2, R) o p Do, o)

Poly Polg
A D

(D' A2} {(1)}, 2) (D',2,{(1).(2)},2)



Knowledge Propagation Processor

Proof Chain: Py <5 ... % P, 1R < tpy < max(cy,...,ck)
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Narrowing Processor

Reduction Pair Processor: (D,S,/C,R) el (D,S\D..,LUD.,R) where

m is the maximal degree of polynomials [f]

Polynomial Order
@ [0] = [true] = [false] = [p*](x) =0, [s](x) = x +2
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Narrowing Processor
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%L (Dy, @, D5, R)

tr < max(Poly, ..., Polg, Poly) = Pol,



DT Framework for Innermost Complexity Analysis

@ Direct adaption of DP framework for termination analysis



DT Framework for Innermost Complexity Analysis

@ Direct adaption of DP framework for termination analysis

@ Modular combination of different techniques



DT Framework for Innermost Complexity Analysis

@ Direct adaption of DP framework for termination analysis
@ Modular combination of different techniques

@ Experiments on 1323 TRSs from Termination Problem Data Base

AProVE: 618 examples with polynomial runtime
CaT: 447 examples with polynomial runtime
TCT: 385 examples with polynomial runtime



DT Framework for Innermost Complexity Analysis

@ Direct adaption of DP framework for termination analysis
@ Modular combination of different techniques

@ Experiments on 1323 TRSs from Termination Problem Data Base

AProVE: 618 examples with polynomial runtime

CaT: 447 examples with polynomial runtime
TCT: 385 examples with polynomial runtime
CaT
Polg | Poli | Polr | Polz | no result >
Poly - 209
w Poly 187 270
2 [ Pol 2 117
a [ Pols - 22
< [Tho result 674 705
> 0 434 12 1 876 1323




DT Framework for Innermost Complexity Analysis

@ Direct adaption of DP framework for termination analysis
@ Modular combination of different techniques

@ Experiments on 1323 TRSs from Termination Problem Data Base

AProVE: 618 examples with polynomial runtime

CaT: 447 examples with polynomial runtime
TCT: 385 examples with polynomial runtime
TCT
Polg | Poli | Polr | Polz | no result >
Poly 10 209
L Pol1 152 270
>e Pol, = 117
o Pols - 22
< no result 680 705
> 10 371 4 0 938 1323




DT Framework for Innermost Complexity Analysis

@ Direct adaption of DP framework for termination analysis

@ Modular combination of different techniques
@ Experiments on 1323 TRSs from Termination Problem Data Base

AProVE: 618 examples with polynomial runtime

CaT: 447 examples with polynomial runtime
TCT: 385 examples with polynomial runtime
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Poly 10 209
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