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zero : Nats, succ: Nats — Nats, nil: List, cons: Nats x List — List,

@ Generator function symbol v, : N — 7

o YNats(n) = succ”(zero) ist(n) = cons”(zero, nil)

o v,(n): constructor ground term where constructor is nested n times

@ Generator equations G for type 7 with constructors ¢, d:
if c:miX..XT—=7 and dipi X...XTX...Xpp—=>T

(1 (0); - -+, 77, (0))
d(’YPl (0)7 e a’YT(n)v .

then G contains ~v-(0)

Yr(n+1)

+575(0))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

YNats(0) = zero Vst
INats(n + 1) = succ(ynats(n))

@ Compute most general typing for the TRS
zero : Nats, succ: Nats — Nats, nil: List, cons: Nats x List — List,

@ Generator function symbol v, : N — 7

o YNats(n) = succ”(zero) ist(n) = cons”(zero, nil)

o v,(n): constructor ground term where constructor is nested n times

@ Generator equations G for type 7 with constructors ¢, d:
if c:miX..XT—=7 and dipi X...XTX...Xpp—=>T

(1 (0); - -+, 77, (0))
d(’YPl (0)7 e a’YT(n)v .

then G contains ~v-(0)

Yr(n+1)

+575(0))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

YNats(0) = zero Yist(0) = nil
Nats(n + 1) = succ(ynats(n)) Yist(n + 1) = cons(zero, Yiist(n))

@ Compute most general typing for the TRS
zero : Nats, succ: Nats — Nats, nil: List, cons: Nats x List — List,

@ Generator function symbol v, : N — 7

o YNats(n) = succ”(zero) ist(n) = cons”(zero, nil)

o v,(n): constructor ground term where constructor is nested n times

@ Generator equations G for type 7 with constructors ¢, d:
if c:miX..XT—=7 and dipi X...XTX...Xpp—=>T

(1 (0); - -+, 77, (0))
d(’YPl (0)7 e a’YT(n)v .

then G contains ~v-(0)

¥r(n+1)

+575(0))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

YNats(0) = zero Yist(0) = nil
Nats(n + 1) = succ(ynats(n)) Yist(n + 1) = cons(zero, Yiist(n))

@ For f:7m X ...X Tk — T, speculate a conjecture



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

YNats(0) = zero Yist(0) = nil
Nats(n + 1) = succ(ynats(n)) Yist(n + 1) = cons(zero, Yiist(n))

@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic,



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:

. 3n+1 |
low(zero, cons”(zero, nil)) — " il



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:

3n+1
Iow(’YNats(O)v 'YList(")) - 'YList(o)



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:

3n+1 . 3n+1
Iow(’YNats(O)v'YList(")) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:

3n+1 . 3n+1
IOW(’YNats(O)v'YList(n)) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)

as(ist(n))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:

3n+1 . 3n+1
Iow(’YNats(O)v'YList(")) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)

as(ist(n))

[y

nil



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

YNats(0) = zero Yist(0) = nil
YNats(n + 1) = succ(nats(n)) Yist(n + 1) = cons(zero, Yiist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))
using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:
3n+1 . 3n+1
Iow(’YNats(O)v'YList(")) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)
as(List(n))

[y \[/A +1]

nil gs(low(zero, Yist(n'))) ++ cons(zero, gs(high(zero, 1wist(n'))))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

'YNats(O) = zero 'YList(O) = nil
YNats(n + 1) = succ(nats(n)) Yist(n + 1) = cons(zero, yiist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))
using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:
3n+1 . 3n+1
low(Nats(0), Ywist(n)) — Yist(0) high(YNats(0), wist(n)) — Yist(n)
as(List(n))

[y \[/A +1]

nil as(ist(0)) ++ cons(zero, gs(high(zero, yist(n'))))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

YNats(0) = zero Yist(0) = nil
YNats(n + 1) = succ(nats(n)) Yist(n + 1) = cons(zero, yiist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))
using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:
3n+1 . 3n+1
IOW(’YNats(O)v'YList(n)) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)
FYLlst(n)

[y \nin +1]

cons(zero, qs(high(zero, st (n'))))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

'YNats(O) = zero 'YList(O) = nil
YNats(n + 1) = succ(nats(n)) Yist(n + 1) = cons(zero, yiist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))
using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:
3n+1 ) 3n+1
low(YNats(0), ist(n)) — Yist(0) high(YNats(0), wist(n)) — Yist ()
as(List(n))

[y \[/A +1]
nil

cons(zero, qs(YList(n')))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

YNats(0) = zero Yist(0) = nil
YNats(n + 1) = succ(nats(n)) Yist(n + 1) = cons(zero, yiist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))
using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:
3n+1 . 3n+1
IOW(’YNats(O)v'YList(n)) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)
as(List(n))

[y \[/A +1]
nil

cons(zero, qs(YList(n')))

o~

cons(zero, nil)



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

YNats(0) = zero Yist(0) = nil
YNats(n + 1) = succ(nats(n)) Yist(n + 1) = cons(zero, yiist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))
using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:
3n+1 . 3n+1
IOW(’YNats(O)v'YList(n)) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)
FYLlst(n)

[y \nin +1]

cons(zero, qs(List(n')))

[n’/V \[n’)/n” +1]

cons(zero, nil) cons(zero, cons(zero, qs(List(n”))))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:

3n+1 . 3n+1
IOW(’YNats(O)v'YList(n)) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)

FYLlst(n)

[y \nin +1]

cons(zero, qs(List(n')))

[n’/V \[n’)/n” +1]

cons(zero, nil) cons(zero, cons(zero, qs(List(n”))))

[n" /0]

cons(zero, cons(zero, nil))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

INats(0) = zero Mist (0) = nil
Wats(n + 1) = succ(ynats(n)) Mist(n + 1) = cons(zero, yist(n))
@ For f: 7 X ...x ¢ — T, speculate a conjecture by narrowing f(v- (n),..., vz (1))

using rewrite rules, generator equations, integer arithmetic, already proven rewrite lemmas:

3n+1 . 3n+1
IOW(’YNats(O)v'YList(n)) - 'YList(o) ' h'gh(’YNats(o):’YList(n)) - 'YList(n)

FYLlst(n)

[y \nin +1]

cons(zero, qs(List(n')))

[n’/V \[n’)/n” +1]

cons(zero, nil) cons(zero, cons(zero, qs(List(n”))))

o \

cons(zero, cons(zero, nil))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture

'YLlst(n)

[y \nin +1]

cons(zero, qs(List(n')))

[n’/V \[n’)/n” +1]

cons(zero, nil) cons(zero, cons(zero, qs(List(n”))))

0 \

cons(zero, cons(zero, nil))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture

as(yist(n)[7/0] =" wist(0)

'YLlst n)

[y \nin +1]

cons(zero, qs(List(n')))

[n’/V \[n’)/n” +1]

cons(zero, nil) cons(zero, cons(zero, qs(List(n”))))

0 \

cons(zero, cons(zero, nil))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0  as(wis(n)n/0] =" is(0)

'YLlst n)

[y \nin +1]

cons(zero, qs(List(n')))

[n’/V \[n’)/n” +1]

cons(zero, nil) cons(zero, cons(zero, qs(List(n”))))

0 \

cons(zero, cons(zero, nil))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(1ist(0)) = wist(0)

'YLlst n)

[y \nin +1]

cons(zero, qs(List(n')))

[n’/V \[n’)/n” +1]

cons(zero, nil) cons(zero, cons(zero, qs(List(n”))))

0 \

cons(zero, cons(zero, nil))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(1ist(0)) = wist(0)
d=1 as(ist(1)) = wise(1)
'YLlst n)

[y \n/)n +1]

cons(zero, qs(List(n'))

[n’/V \[n’)/n” +1]

cons(zero, nil) cons(zero, cons(zero, qs(List(n”))))

0 \

cons(zero, cons(zero, nil))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(ist(0)) = ise(0)

d=1 as(ise(1)) = wise(1)

d=2 as(wist(2)) = ise(2)
as(ist (1))

[V \n/)n +1]
nil

cons(zero, qs(List(n'))

[n’/V N/n” 1]

cons(zero, nil) cons(zero, cons(zero, qs(yList(n”'))))

o \

cons(zero, cons(zero, nil))



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(1ist(0)) = wist(0)
d=1 as(ist (1)) = wise(1)
d=2 as(ist(2)) = wist(2)

@ Speculate conjecture



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(1ist(0)) = wist(0)
d=1 as(ist (1)) = wise(1)
d=2 as(ist(2)) = wist(2)

@ Speculate conjecture

@ replace numbers in sample conjectures by polynomial with variable d



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(1ist(0)) = wist(0)
d=1 as(ist (1)) = wise(1)
d=2 as(ist(2)) = wist(2)

@ Speculate conjecture
as(ist( POl (d) ) — st ( POlright(d) )

@ replace numbers in sample conjectures by polynomial with variable d



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(ist(0)) = ist(0) polien(d) = 0 POl igne(d) = 0
d=1 as(ist (1)) = wise(1)
d=2 as(ist(2)) = wist(2)

@ Speculate conjecture
as(ist( POl (d) ) — wist( POlright(d) )

@ replace numbers in sample conjectures by polynomial with variable d



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(ist(0)) = ist(0) polin(0) = 0 POl ighe(0) = 0
d=1 as(ist (1)) = wise(1)
d=2 as(rist(2)) = wist(2)

@ Speculate conjecture
as(ist( POl (d) ) — wist( POlright(d) )

@ replace numbers in sample conjectures by polynomial with variable d



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

d=0 as(ist(0)) = ist(0) polin(0) = 0 POl ighe(0) = 0
d=1 as(ist(1)) = wise(1) polier(1) = 1 POl igne (1) = 1
d=2 as(yist(2)) = wist(2)

@ Speculate conjecture
as(ist( POl (d) ) — wist( POlright(d) )

@ replace numbers in sample conjectures by polynomial with variable d



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

X

d=0 as(ist(0)) = ist(0) polin(0) = 0 POl ighe(0) = 0

d=1 as(ist(1)) = wise(1) polier(1) = 1 POl igne (1) = 1
*

d=2 as(ist(2)) = wist(2) polien(2) = 2 poligne (2) = 2

@ Speculate conjecture
as(ist( POl (d) ) — wist( POlright(d) )

@ replace numbers in sample conjectures by polynomial with variable d



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

X

d=0 as(ist(0)) = ist(0) polin(0) = 0 POl ighe(0) = 0

d=1 as(ist(1)) = wise(1) polier(1) = 1 POl igne (1) = 1
*

d=2 as(ist(2)) = wist(2) polien(2) = 2 poligne (2) = 2

@ Speculate conjecture
as(ist( POl (d) ) — wist( POlright(d) )

@ replace numbers in sample conjectures by polynomial with variable d

@ e constraints can be solved by polynomial of degree e — 1



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

X

d=0 as(ist(0)) = ist(0) polin(0) = 0 POl ighe(0) = 0

d=1 as(ist(1)) = wise(1) polier(1) = 1 POl igne (1) = 1
*

d=2 as(ist(2)) = wist(2) polien(2) = 2 poligne (2) = 2

@ Speculate conjecture
as(ist( POl (d) ) — wist( POlright(d) )

@ replace numbers in sample conjectures by polynomial with variable d

@ e constraints can be solved by polynomial of degree e — 1

polier(d) = d POl igne(d) = d



1. Speculating Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

@ Every path from root to leaf yields a sample conjecture
Recursion depth d: number of recursive gs-rule applications

X

d=0 as(ist(0)) = ist(0) polin(0) = 0 POl ighe(0) = 0

d=1 as(ist(1)) = wise(1) polier(1) = 1 POl igne (1) = 1
*

d=2 as(ist(2)) = wist(2) polien(2) = 2 poligne (2) = 2

@ Speculate conjecture
qs(wist ( d ) =" yuis( d)

@ replace numbers in sample conjectures by polynomial with variable d
@ e constraints can be solved by polynomial of degree e — 1

polier(d) = d POl igne(d) = d



Runtime Complexity Analysis of TRSs

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Rewrite Lemma

qgs(cons”(zero, nil)) —>3n2+2n+1 cons”(zero, nil)
@ Speculate Conjectures as( w(d) ) = is(d) J
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Runtime Complexity Analysis of TRSs

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Rewrite Lemma

qgs(cons”(zero, nil)) —>3n2+2n+1 cons”(zero, nil)
© Speculate Conjectures as( s(n) ) = st () J
(2]
© J
°
° sy
°
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Runtime Complexity Analysis of TRSs

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Rewrite Lemma

3n?+2n+1

qgs(cons”(zero, nil))  — cons”(zero, nil)
@ Speculate Conjectures as(cons”(zero, nil)) — CO”S"(Zefo»n”)J
2]
o J
]
° MAURSLURD
o
o



Runtime Complexity Analysis of TRSs

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Rewrite Lemma

3n%+2n+1
qgs(cons”(zero, nil))  — o cons”(zero, nil)

(1) qs(cons”(zero, nil)) — cons"(zero,niI)J

@ Prove Conjectures

o )
o o
o



Runtime Complexity Analysis of TRSs

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

qgs(cons”(zero, nil))  — cons”(zero, nil)

(1) qs(cons”(zero, nil)) — cons"(zero,niI)J

@ Prove Conjectures

o )
o ]
o



Runtime Complexity Analysis of TRSs

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

qS( ’VList(") ) — ’YList(n)

(1) qs(cons”(zero, nil)) — cons"(zero,niI)J

@ Prove Conjectures

o )
o ]
o



2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting



2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n

Induction Base: n =10

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =10 as(7ist(0))

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 as(ist(0)) =g gs(nil)

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 as(ist(0)) =g as(nil) — nil

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 as(ist(0)) =g as(nil) — nil =g st (0)

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 qs(YList(0)) — Yist (0)

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

qS( ’VList(n) ) — ’YList(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 qs(YList(0)) — Yist (0)

Induction Step: n >0

IOW('YNats(O)» 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

qS( ’VList(n) ) — ’YList(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 qs(YList(0)) — Yist (0)

Induction Step: n > 0 as(wist(n + 1))

IOW('YNats(O)» 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

*

gs( qs(n) ) — Yist(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 qs(YList(0)) — Yist (0)

Induction Step: n > 0 as(ist(n +1))  —
gs(low(Ynats(0), YList(n))) ++ cons(Ynats(0), as(high(...)))

IOW('YNats(O)v 7List(n)) *)z:::l '7List(0)
high('yNats(O)"YList(n)) — VList(n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

qS( ’VList(n) ) — ’YList(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 qs(YList(0)) — Yist (0)

Induction Step: n > 0 gs(ist(n +1))  —
4510w (s (0), st (1)) ++ cons(nais(0), as(high(- .))
qs(’YList(O)) ++ Cons('YNats(O)’ qs(high('}’Nats(O)v 7List(n))))

IOW('YNats(O)%’VList(n)) 4)3”+1 'YList(o) J

. 3n+
high(ynats(0), Ywist (1)) — Yist (1)




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

qS( ’VList(n) ) — ’YList(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 qs(YList(0)) — Yist (0)

Induction Step: n > 0 as(wist(n + 1))
as(low(Nats(0); Yist(n))) ++ cons(ynats(0), as(high(...)))

qs(’YList(O)) ++ Cons('YNats(O)’ qs(high('YNats(O)?’YList(n))))

as(List(0)) ++ cons(ynats(0), as(ywist(n)))

%
—
—

IOW(VNats(O)»ﬁYList(n)) *)2:1:1 '7List(0)
high(YNats(0); Wist(n)) = st (n) J




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

qS( ’VList(n) ) — ’YList(n)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 qs(YList(0)) — Yist (0)

Induction Step: n > 0 as(wist(n + 1))
as(low(Nats(0); Yist(n))) ++ cons(ynats(0), as(high(...)))

qs(’YList(O)) ++ Cons('YNats(O)’ qs(high('YNats(O)v7List(n))))

)

)

Ll

as(ist(0)) ++ cons(nats(0), as(ist(n))

|0W(’yNats(0), ﬁyust(n)) *)3n+1 Vust(o) J nil ++ CO”S(’YNats(O): qs(’YList(n))

. 3n+
high(ynats(0), Ywist (1)) — Yist (1)




2. Proving Conjectures

qs(nil) — nil gs(cons(x, xs)) — gs(low(x, xs)) ++ cons(x, gs(high(x, xs)))
low(x, nil) — nil low(x, cons(y, ys)) — if(x < y, x, cons(y, ys))
if (tt, x, cons(y, ys)) — low(x,ys) if(ff, x, cons(y, ys)) — cons(y, low(x, ys))

Conjecture speculated

as( ise(n) ) — Yist (1)

@ rewriting
with rewrite rules, already proven rewrite lemmas, generator equations, integer arithmetic

@ induction on n
Induction Base: n =0 qs(YList(0)) — Yist (0)
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Runtime Complexity Analysis of TRSs
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3. Inferring Bounds for Rewrite Lemmas
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Rewrite Lemma
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@ Induction proof yields runtime rt(n)
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Rewrite Lemma
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@ Recurrence equations for rt:
n(0) = b
rt(n+1) = ih-rt(n)+ is(n)
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3. Inferring Bounds for Rewrite Lemmas

@ Recurrence equations for rt:
(0) = b rt(0)
rt(n+1) = ih-rt(n)+ is(n) rt(n+ 1)

rt(n) +6n+5

Rewrite Lemma

rt(n)
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R: f(succ(x)) — succ(f(x))

@ Indefinite Rewrite Lemmas

n
Rewrite Lemma  f(succ”(zero)) — *J

Lower Bound rcr(n) € Q(n)

@ rewrite lemmas cannot represent n constructors above defined symbol

@ Solution: allow indefinite rewrite lemmas

@ adaption of techniques for speculating and proving conjectures
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