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Exercise 1 (µ-recursion):

(2 + 2 + 1 + 1 + 3 + 2 = 11 points)

Please show that the following five functions odd, ite, max, fd , and mod are µ-recursive by expressing each
function using only the six principles from Def. 4.2.1. Which of these functions are primitive recursive?
Hints:
• To show that a function is primitive recursive, express it using only the first five principles.
• To show that a function is not primitive recursive, give a reasonable explanation.
• You may use the predefined µ-recursive functions plus, times, minus, and div and their implementation
as a logic program from the lecture.
(
1, if x is odd
for all x ∈ N
a) odd(x) =
0, otherwise
Hint: You may use the primitive recursive function minus from the lecture.
(
y, if x > 0
for all x, y, z ∈ N
b) ite(x, y, z) =
z, otherwise
(
c) max(x, y) =

x, if x > y
for all x, y ∈ N
y, otherwise

d) Consider the following two functions fd and gd with fd : N2 → N and gd : N3 → N.
fd (x, y) = z iff
( gd (x, y, z) = 0 and for all 0 ≤ k < z, gd (x, y, k) is defined and gb (x, y, k) > 0 with
x · y − z, if x · y ≥ z
gd (x, y, z) =
0,
otherwise


mod(x, y), if x 6= 0 6= y for x, y ∈ N
e) For all x, y ∈ N, we have mod(x, y) = 0,
if x = 0, y ∈ N


undefined, otherwise
Here, mod(x, y) is the modulo operation that computes the remainder after division of x by y.
f ) Following the proof for Theorem 4.2.5, write a logic program P with a predicate mod(X, Y, Z) such that
for all x, y, z ∈ N, we have mod(x, y) = z iff P |= mod(x, y, z) (cf. exercise part e)).

Solution:
a) odd is primitive recursive:
odd(0) = null0
odd(x + 1) = h1 (x, odd(x))
h1 (x, y) = minus(h2 (x, y), proj2,2 (x, y))
h2 (x, y) = succ(null2 (x, y))
When provided with the result of odd(x) we compute odd(x + 1) = 1 − odd(x) using the minus function.

1

Logic Programming SS17
Solution - Exercise Sheet 6
b) ite is primitive recursive, computing (1 − x) · z + (1 − (1 − x)) · y.
ite(x, y, z) = plus(h1 (x, y, z), h2 (x, y, z))
h1 (x, y, z) = times(h3 (x, y, z), proj3,3 (x, y, z))
h3 (x, y, z) = minus(one(x, y, z), proj3,1 (x, y, z))
one(x, y, z) = succ(null3 (x, y, z))
h2 (x, y, z) = times(h4 (x, y, z), proj3,2 (x, y, z)
h4 (x, y, z) = minus(one(x, y, z), h3 (x, y, z))
c) max is primitive recursive:
max(x, y) = ite(minus(x, y), proj2,1 (x, y), proj2,2 (x, y))
d) fd (x, y) is primitive recursive and just multiplies x and y (i.e., fd is times):
fd (x, y) = times(proj2,1 (x, y), proj2,2 (x, y))
e) mod is not primitive recursive since mod(1, 0) isundefined but primitive recursive functions are total. In
the following construction, i(x, y, z) computes d x−z
y e · y − x for y 6= 0, where “−” is the minus function
with x − y = 0 for x < y. Moreover, we have i(x, 0, z) = 0 if x ≤ z and i(x, 0, z) is undefined if x > z.
mod(x, y) = z iff i(x, y, z) = 0 and for all 0 ≤ z 0 < z,

i(x, y, z 0 ) is defined and i(x, y, z 0 ) > 0

i(x, y, z) = minus(h1 (x, y, z), proj3,1 (x, y, z))
h1 (x, y, z) = times(h2 (x, y, z), proj3,2 (x, y, z))
h2 (x, y, z) = div(h3 (x, y, z), proj3,2 (x, y, z))
h3 (x, y, z) = minus(proj3,1 (x, y, z), proj3,3 (x, y, z))
f ) Following the proof for Theorem 4.2.5:
proj31(X1,X2,Y,X1).
proj32(X1,X2,Y,X2).
proj33(X1,X2,Y,Y).
help3(X1,X2,Y,Z) :- proj31(X1,X2,Y,A), proj33(X1,X2,Y,B), minus(A,B,Z).
help2(X1,X2,Y,Z) :- help3(X1,X2,Y,A), proj32(X1,X2,Y,B), div(A,B,Z).
help(X1,X2,Y,Z) :- help2(X1,X2,Y,A), proj32(X1,X2,Y,B), times(A,B,Z).
i(X1,X2,Y,Z) :- help(X1,X2,Y,A), proj31(X1,X2,Y,B), minus(A,B,Z).
iPRIME(X1,X2,Y,Y) :- i(X1,X2,Y,0).
iPRIME(X1,X2,Y,Z) :- i(X1,X2,Y,s(U)), iPRIME(X1,X2,s(Y),Z).
mod(X1,X2,Z) :- iPRIME(X1,X2,0,Z).
Here, we use the clauses for the predefined functions minus, times and div from the lecture.

Exercise 2 (SLD tree):

(6 points)

Consider the following logic program P:
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path(X, X, Y).
path(X, Y, s(Z)) :- edge(X, A), path(A, Y, Z).
path(X, Y, Z) :- eps(X, A), path(A, Y, Z).
edge(a,
edge(b,
edge(c,
edge(d,

b).
a).
d).
b).

eps(b, c).
The predicates edge and eps define the following graph G:
ao

c

/b
O
ε



/d

Furthermore, path(X, Y, Z) is true iff there is a path from X to Y in G where at most Z non-ε-edges are used
along the path. As an example, ?- path(a, X, s(0)) gives the solutions X = a, X = b, and X = c. Here,
natural numbers are represented by the function symbols 0 and s (i.e. s(0) stands for 1, s(s(0)) stands for
2, etc.)
Please give the SLD tree for the query ?- path(c, c, s(s(0))). Subtrees that Prolog explores after having
found the second solution should be abbreviated with dots (. . . ).

Solution:
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path(c, c, s(s(0)))

edge(c, A1 ), path(A1 , c, s(0))



...

{A1 /d}
path(d, c, s(0))

edge(d, A2 ), path(A2 , c, 0)

...

{A2 /b}
path(b, c, 0)

eps(b, A3 ), path(A3 , c, 0)
{A3 /c}
path(c, c, 0)



...

Exercise 3 (SLD tree):

(6 + 1 = 7 points)

Consider the following logic program P:
p(X,X,s(Y)) :- q(s(X),Y), p(X,Y,a).
p(0,s(0),a).
q(0,0).
q(s(X),s(Y)) :- q(X,Y).

a) Give the resulting SLD tree for the query p(X, Y, Z) up to depth four. Here, the query is at depth zero.
Use ∞ to indicate infinite paths and to mark nodes that cannot be evaluated further. Also give all
answer substitutions. Which solutions does Prolog find? Explain your answer.
b) Change the order of exactly two literals in the clauses of P such that for the query above the resulting
SLD tree is finite.

Solution:
a)
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p(X, Y, Z)
{X/Y , Z/s(Y1 )}

{X/0, Y /s(0), Z/a}

q(s(Y ), Y1 ), p(Y , Y1 , a)



{Y1 /s(Y2 )}

q(Y , Y2 ), p(Y , s(Y2 ), a)
{Y /0, Y2 /0}

p(0, s(0), a)

{Y /s(X3 ), Y2 /s(Y3 )}

q(X3 ,Y3 ), p(s(X3 ), s(s(Y3 )), a)
{X3 /0, Y3 /0}



{X3 /s(X4 ), Y3 /s(Y4 )}

p(s(0), s(s(0)), a)

q(X4 ,Y4 ), p(s(s(X4 )), s(s(s(Y4 ))), a)
∞

The answer substitutions are {X/0, Y /0, Z/s(s(0))} and {X/0, Y /s(0), Z/a}. Since Prolog traverses the
tree with a depth-first search from left to right and there is an infinite path before the second solution
is found, it only finds the first solution.
b)

p(X,X,s(Y)) :- p(X,Y,a), q(s(X),Y).
p(0,s(0),a).
q(0,0).
q(s(X),s(Y)) :- q(X,Y).
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p(X, Y, Z)
{X/Y , Z/s(Y1 )}

{X/0, Y /s(0), Z/a}

p(Y , Y1 , a), q(s(Y ), Y1 )



{Y /0, Y1 /s(0)}

q(s(0), s(0))

q(0, 0)


Now Prolog finds both answer substitutions {X/0, Y /0, Z/s(s(0))} and {X/0, Y /s(0), Z/a}.
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