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Automated Termination Analysis: Approaches

Monolithic approaches:
» Linear/polyranking rank functions
» Size change
Iterative (by simplification) approaches:

» Dependency Pair Framework
» Monotonicity constraints

Advantages:
m Can re-use
m Each proof step is progress (removes problem parts)
Iterative construction of termination argument:

» Transition Invariants
» Lexicographic combinations

Advantages:

m Can re-use
m Safety checker does reasoning about program semantics/invariants



Termination Analysis: Invariants and Rank Functions

Example (Termination depends on context)

y =1,
while x > 0 do
X=X —Y;
y==y+1
done

m Invariant y > 0 and rank function x prove termination

m How do we know that we need y > 07 N X requires it



Termination Analysis: Invariants and Rank Functions

Example (Termination depends on context)

y =1,
while x > 0 do
X=X —Y;
y==y+1
done

m Invariant y > 0 and rank function x prove termination
m How do we know that we need y > 07 N X requires it
m How do we know that x is a RF? Y y > 0 proves it



Introduction
The TERMINATOR approach
Cooperative termination proving

I Ongoing: Cooperation 2.0 — for non-termination



A nested example

Example (Source)

if k > 1 then
i:=0;
(1) while i < n do
j=0;

while j < i do
=itk
done

@ =it 1
done

fi

T0 - If @

1 if(j > i); 71 :if(i < n);
i=i+1 j=0;

73:if(j < i);
j=itk



A nested example: Instrumented

maybe take a

snapshot

check decrease

73:if(j <0);
=itk

check decrease

maybe take a

snapshot



A nested example: Instrumented

To:if(k > 1

i:=0;
cpp =0
cpy == 0;

14
@ p1:if(cpy > 1); \_1/
3\\

(\\

73:if(j <0);
=itk

2
Q p2:if(cp, > 1);

if(cp, < 1);

If(Cp2 < 1)
ic:=1i; j°:=j
k¢ :=k;n¢ :=n;
cp~ — 1-



A nested example: Instrumented
To:if(k > 1

i:=0;
cp; :=0;
cpy == 0;

maybe take a

snapshot

p1:if(cpy > 1);

(\\

73:if(j <0);
=itk

p2:if(cpy > 1);

maybe take a

snapshot




A nested example: First counterexample

First Counterexample

T0 T1 (snapshot) T3 P2
Stem: 971
Loop: 73 {\\\

K \

p2:if(cpy > 1);

maybe take a

snapshot

73:if(j <0);
=itk

maybe take a

snapshot




A nested example: First counterexample

First Counterexample

T0 T1 (snapshot) T3 P2
Stem: k>1Ai=0
Loop: j<iAnj =j+k {\\\

Ak =kAi =i o \"

p2:if(cpy > 1);

maybe take a

snapshot

73:if(j <0);
=itk

maybe take a

snapshot




A nested example: First counterexample

i:=0;
221 :i maybe take a
. ? snapshot
First Counterexample
d
T0 T1 (snapshot) T3 P2 El
Stem: k>1Ai=0 N
AR Ad A
Loop: j<iAnj =j+k &
AK =kAT =i PN 731f(j g_jr);k
R ¥ A __F j=itk
RF: &2('17 k: |7J) =1=]J
'

p2:if(cp, > 1);

maybe take a

snapshot




A nested example: First counterexample

T0 If(k 2 1)
i:=0;
cp; =
py =0 maybe take a
snapshot
First Counterexample
d
T0 T1 (snapshot) T3 P2 El
Stem: k>1Ai=0 \\
Loop: j<inj =j+k AN
prj<iny =]+ {\\\ o
Ak =kAi =i i '\" 73:if(j <i);
B R __F =itk
RF: &2('17 k: |7J) =1=]J
'

ph:if(cpy > 1);
(i€ —j° >i—j);
if(i — ¢ > 0);

maybe take a

snapshot




A nested example: Second counterexample

maybe take a

snapshot

‘\\"

L
SN
Second Counterexample 3y

7o (snapshot) 71 73 72 p1
Stem: 1
Loop: 73

73:if(j <0);
=itk

maybe take a

snapshot




A nested example: Second counterexample

maybe take a

snapshot

‘\\"

L
SN
Second Counterexample 3y

7o (snapshot) 71 73 72 p1
Stem: k>1
Loop: i<nAj=kAj >i
Ai"=i+1AKk =kAn =n

73:if(j <0);
=itk

maybe take a

snapshot




A nested example: Second counterexample

maybe take a

snapshot

‘\\"

L
SN
Second Counterexample 3y

7o (snapshot) 71 73 72 p1

Stem: k>1

Loop: i<nAj=kAj >i
Ai"=i+1AKk =kAn =n

RF: f,(n,k,i,j) =n—i

73:if(j <0);
=itk

maybe take a

snapshot




A nested example

maybe take a

snapshot

if(n© — i >n—i); .
if(n® — i€ > 0); N\

L
SN
Second Counterexample 3y

7o (snapshot) 71 73 72 p1

Stem: k>1

Loop: i<nAj=kAj >i
Ai"=i+1AKk =kAn =n

RF: f,(n,k,i,j) =n—i

73:if(j <0);
=itk

maybe take a
snapshot




A nested example: Solution

maybe take a

snapshot

if(n© — i >n—i); .
if(n® — i€ > 0); A

Ao
o~ T3:if(j < i);

j=itk

Py if(cpy > 1);
if(ic —j > i —j);
if(i€ — ¢ > 0): maybe take a

snapshot



The TERMINATOR approach

Advantages:
m Program semantics & invariants handled by external tool

m Only small program slices considered



The TERMINATOR approach

Advantages:
m Program semantics & invariants handled by external tool
m Only small program slices considered
Problems:
m Proof progress not visible
m Order of counterexamples important

m Program slices sometimes too small for informed decisions
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Cooperation: High-level view

70:if(k > 1);
i:=0;

Termination

T if(j > );
i=i+1;

73:if(j <i);
=itk



start

70:if(k > 1);

141
T2 0if(j > i);
i=i+1;
12
73:if(j <i);

j=i+k;

check decrease

maybe take a

i:=0;
snapshot
t
El
La‘
71 :if(i < n); Ao e
j (: 0: ) '(&\,. \// 7-Zs?:lf(J < ');
- =itk
t
62

maybe take a

snapshot
check decrease

Y
7'
X /5'\




Intuition:
m Safety subgraph: original program

m Termination subgraph: instrumented copy
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Intuition:

Safety subgraph: original program
m Termination subgraph: instrumented copy
m Termination: Simplify problem, “point out hard bits”
m Safety: Analyze whole program, “point out invariants”
Approach:
m Analyze whole SCC, not counterexample slice

m Remove transitions after proof



start

check decrease

70:if(k > 1);

141
T2 0if(j > i);
i=i+1;
12
73:if(j <i);

j=i+k;

i:=0;
t
El
. La‘
71 :if(i < n); A
j = 0' AN \
6

check decrease

maybe take a
snapshot

T3 if(j < i);
=itk

maybe take a
snapshot

Y
7'
X /5'\




Cooperation: Simplification

Simplification check decrease

maybe take a

snapshot
t d
o I
S QO
X \“\\ //Q'. tLig(i < /\64 .
SN 73 () < ); N
=itk 2.
t d
62 52

maybe take a

snapshot
check decrease



Cooperation: Simplification

Simplification check decrease

Find SCC S in
termination graph: maybe take a
08 0d es g snapshot
t d
0 5
N QO
f‘\\ Q- R 6
&7 A < Ny
j = _j + k; XJ;
t d
6 &

maybe take a

snapshot
check decrease



Cooperation: Simplification

Simplification check decrease

Find SCC S in

termination graph: maybe take a

e, 08 05 e snapshot

Find S-orienting RF: o fi/

Q%o,j,k,n):n—wrl .

_ L 3,
(,Jk)—n—l—i-l NS A
<y NS T3 If(J < i); N,
FL0.kn) =n—i
‘ f g

maybe take a

snapshot
check decrease



Cooperation: Simplification

Simplification

Find SCC S in

check decrease

termination graph: maybe take a
[i’ g'f, 55, gg snapshot

Find S-orienting RF: gi gi/

fr@iskn) =n—i+1 . A

o %
fe},ﬁ,j,k,n) =n—i+1 A.\(\\is‘ ,;’04
1 /\X. ‘\A/ Tat:if(j < i); '\}/. //

fflé(iaLk?n) =n—i J=itk X{‘

falijk,n) =n—i

zg(ia.]a vn) n I It [d
Delete decr./bounded 2 2

maybe take a

snapshot
check decrease



Cooperation: Simplification

Simplification

Find SCC S in
termination graph:

G

check decrease

maybe take a

snapshot

Find S-orienting RF: d
f;io,j,k,n) =n—i+1
FLlikn) =n—i+1
rtikon 4G < 1)

e o o — itk
f[;(ia.lakan) =n ! J=it
1p - o
Qg(ia.]akvn) =n I It [d
Delete decr./bounded 2 2

maybe take a

snapshot
check decrease



Cooperation: Simplification

Simplification

Find SCC S in
termination graph:

05,65, 05,08
Find S-orienting RF:
f;iq,j,k,n) =n—i+1
Q}l,@,j,k,n) =n—i+1

. T;Z.!f(j < i);
f[é(iajak7n) =n—i Jr=itk

fé,@,j,k,n) =n-—i
Delete decr./bounded

A Clean up maybe take a
snapshot

check decrease



7o if(k > 1);
i:=0;
141
[ ERCT Y I e IS
% 0

maybe take a

TN snapshot
73" !f(J S i); check decrease
J=itk




Construction/Checking

No simplification possible

start

7o if(k > 1);
i:=0;
ly
72 if(j > i); 71:if(i < n); R
Lo ) LAl T3 :if(j < i);
i=i+1; j:=0; Ptk
A I

maybe take a

S oY snapshot
73 !f(J S i); check decrease
=itk




Construction/Checking

No simplification possible

start

H Obtain counterexample:

70:if(k > 1);
=0 T0 TL A
b
T2 if(j > i); 7 :if(i < n); B
i=i4+1; j=0; ngf(J:SJ-Bk
14 %

maybe take a

S oY snapshot
73 !f(J S i); check decrease
=itk




start

Construction/Checking

No simplification possible

H Obtain counterexample:

70:if(k > 1);
=0 T0 TL A
Compute RF:
1p - . .
gl fg;(i,],k,ﬂ) =1—
T2 if(j > i); 7 :if(i < n); B
i=i4+1; j=0; ngf(J:SJ-Bk
14 %
maybe take a
Hif(j < 0); snapshot
731 < ); check decrease

=itk




start

7o if(k > 1);

ly

72 if(j > i);
i=i+1;

lo

73:if(j <i);
=itk

Construction/Checking

No simplification possible
H Obtain counterexample:
i:=0; T0 T1 Tgf
Compute RF:
g kn) =i
B Add to instrumentation

71:if(i < n);

j:=0; Tg'f(J <)

=itk

maybe take a

snapshot
check decrease




Cooperation: Invariants

7o if(k > 1);
i:=0;

72 if(j > i);

Hif(i ; NS
e nHE WSE <,
o ’ T j=i+k
d
€2
maybe take a
73:if(j <i); snapshot

=itk



Algorithm REFINEMENT
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while 3 S-orienting rank function f do
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Algorithm REFINEMENT

C := INSTRUMENT(P)
for all S in SCCs(TERMINATION(C)) do
while 3 S-orienting rank function f do
C := C \ DECREASING(S, f)
S := S \ DECREASING(S, f)
end while
end for
while 3 counterexample (stem, cycle) in C do
S := SCC_CONTEXT(TERMINATION(C), cycle)
if 3 S-orienting rank function f then
C :=C \ DECREASING(S, f)
C := STRENGTHEN(C, cycle, f)
else if 3 any rank function f for cycle then
C := STRENGTHEN(C, cycle, f)
else
return “Unknown”
end if
end while
return ‘“Terminating”



Cooperation: Evaluation

Evaluated on 449 termination proving benchmarks
260 known terminating, 181 known non-terminating, 8 unknown
Sources: Windows drivers, APACHE, POSTGRESQL, ...
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Evaluated on 449 termination proving benchmarks
260 known terminating, 181 known non-terminating, 8 unknown
Sources: Windows drivers, APACHE, POSTGRESQL, ...

| Term (#) [ Term (avg. s) |

COOPERATING-T'2 245 3.42
APROVE 197 2.21
KITTEL 196 4.65
T2 189 5.15
APROVE-+INTERPROC 185 1.53
TERMINATOR 177 4.99
S1zE-CHANGE/MCNP 156 17.50
ARMC 138 16.16



http://research.microsoft.com/en-us/projects/t2/

Cooperation: Evaluation
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Cooperation: Evaluation
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Cooperation: Evaluation
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Cooperation: Evaluation
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Cooperation: Evaluation

Evaluated on 449 termination proving benchmarks
260 known terminating, 181 known non-terminating, 8 unknown
Sources: Windows drivers, APACHE, POSTGRESQL, ...

| Term (#) [ Term (avg. s) |

COOPERATING-T'2 245 3.42
APROVE 197 2.21
KITTEL 196 4.65
T2 189 5.15
APROVE-+INTERPROC 185 1.53
TERMINATOR 177 4.99
S1zE-CHANGE/MCNP 156 17.50
ARMC 138 16.16

Sources available: http://research.microsoft

.com/en-us/projects/t2/


http://research.microsoft.com/en-us/projects/t2/

Beyond termination: Non-termination

Example (Non-Termination and reachability)

assume (x > 0)

while x # 0 do
x = x + k;
done

m Loop non-terminating for x # 0 A k = 0: Not reachable
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Beyond termination: Non-termination

Example (Non-Termination and reachability)

assume (x > 0)

while x # 0 do
x = x + k;
done

m Loop non-terminating for x # 0 A k = 0: Not reachable
m Loop non-terminating for x < 0 A k < 0: Not reachable
m Loop non-terminating for x > 0 A k > 0: Reachable
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Definition (Programs)
Program P = (S, R, 1)

m S program states

m RCS xS program relation
m / initial states
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Non-termination: Basic definitions

Definition (Programs)
Program P = (S, R, 1)
m S program states
m RCS xS program relation

m / initial states

Definition (Recurrent set)

0 # G C S recurrent: Vs € G.3s' € G.(s,s') € R

Lemma (Non-termination of programs)

P non-terminating if and only if
m Recurrence: G recurrent set for P
m Reachability: (i,s) € RT, i€l ,seG
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Example (Termination and invariants)

assume (k < 0)
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x = x + k;
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Termination & Non-termination are related

Example (Termination and invariants)

assume (k < 0)

while x >0 A k < 0 do
x = x + k;

done

m RF x requires invariant k < 0

m Recurrent set x > 0 Ak >0 not reachable
Reason: k < 0 is invariant



Alternating Termination & Non-termination

Algorithm REFINEMENT

G = RECURRENTSET(R)
if REACHABLE(G in P) then
return “Non-terminating”
else
P = STRENGTHEN(P with invariant)
end if



Alternating Termination & Non-termination

Algorithm REFINEMENT

G = RECURRENTSET(R)
if REACHABLE(G in P) then
return “Non-terminating”
else
P = STRENGTHEN(P with invariant)
end if
if TERMINATION(P) then
return “Terminating”
else
P = SIMPLIFY(P)
end if



Alternating Termination & Non-termination

Algorithm REFINEMENT

while true do
G = RECURRENTSET(R)
if REACHABLE(G in P) then
return “Non-terminating”
else
P = STRENGTHEN(P with invariant)
end if
if TERMINATION(P) then
return “Terminating”
else
P = SIMPLIFY(P)
end if
end while
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