
Termination of Polynomial Loops

Jürgen Giesl

LuFG Informatik 2, RWTH Aachen University, Germany

joint work with Marcel Hark and Florian Frohn



Termination and complexity analysis for programs

Java

C

Haskell

Prolog

Symbolic
Execution
Graph

ITS

TRS

Termination

Complexity

︸ ︷︷ ︸
Front-End

︸ ︷︷ ︸
Back-End

language-specific features when generating symbolic execution graph

back-end analyzes Term Rewrite Systems and/or Integer Transition Systems

powerful termination and complexity analysis implemented in AProVE, KoAT, and LoAT

Termination Competition since 2004 (Java, C, Haskell, Prolog, TRS)

SV-COMP since 2014 ( C )



Termination and complexity analysis for programs

Java

C

Haskell

Prolog

Symbolic
Execution
Graph

ITS

TRS

Termination

Complexity

︸ ︷︷ ︸
Front-End

︸ ︷︷ ︸
Back-End

language-specific features when generating symbolic execution graph

back-end analyzes Term Rewrite Systems and/or Integer Transition Systems

powerful termination and complexity analysis implemented in AProVE, KoAT, and LoAT

Termination Competition since 2004 (Java, C, Haskell, Prolog, TRS)

SV-COMP since 2014 ( C )



Termination and complexity analysis for programs

Java

C

Haskell

Prolog

Symbolic
Execution
Graph

ITS

TRS

Termination

Complexity︸ ︷︷ ︸
Front-End

︸ ︷︷ ︸
Back-End

language-specific features when generating symbolic execution graph

back-end analyzes Term Rewrite Systems and/or Integer Transition Systems

powerful termination and complexity analysis implemented in AProVE, KoAT, and LoAT

Termination Competition since 2004 (Java, C, Haskell, Prolog, TRS)

SV-COMP since 2014 ( C )



Termination and complexity analysis for programs

Java

C

Haskell

Prolog

Symbolic
Execution
Graph

ITS

TRS

Termination

Complexity︸ ︷︷ ︸
Front-End

︸ ︷︷ ︸
Back-End

language-specific features when generating symbolic execution graph

back-end analyzes Term Rewrite Systems and/or Integer Transition Systems

powerful termination and complexity analysis implemented in AProVE, KoAT, and LoAT

Termination Competition since 2004 (Java, C, Haskell, Prolog, TRS)

SV-COMP since 2014 ( C )



Termination and complexity analysis for programs

Java

C

Haskell

Prolog

Symbolic
Execution
Graph

ITS

TRS

Termination

Complexity︸ ︷︷ ︸
Front-End

︸ ︷︷ ︸
Back-End

language-specific features when generating symbolic execution graph

back-end analyzes Term Rewrite Systems and/or Integer Transition Systems

powerful termination and complexity analysis implemented in AProVE, KoAT, and LoAT

Termination Competition since 2004 (Java, C, Haskell, Prolog, TRS)

SV-COMP since 2014 ( C )



Termination and complexity analysis for programs

Java

C

Haskell

Prolog

Symbolic
Execution
Graph

ITS

TRS

Termination

Complexity︸ ︷︷ ︸
Front-End

︸ ︷︷ ︸
Back-End

language-specific features when generating symbolic execution graph

back-end analyzes Term Rewrite Systems and/or Integer Transition Systems

powerful termination and complexity analysis implemented in AProVE, KoAT, and LoAT

Termination Competition since 2004 (Java, C, Haskell, Prolog, TRS)

SV-COMP since 2014 ( C )



Termination and complexity analysis for programs

Java

C

Haskell

Prolog

Symbolic
Execution
Graph

ITS

TRS

Termination

Complexity︸ ︷︷ ︸
Front-End

︸ ︷︷ ︸
Back-End

language-specific features when generating symbolic execution graph

back-end analyzes Term Rewrite Systems and/or Integer Transition Systems

powerful termination and complexity analysis implemented in AProVE, KoAT, and LoAT

Termination Competition since 2004 (Java, C, Haskell, Prolog, TRS)

SV-COMP since 2014 ( C )



Programs where termination is decidable

Termination of programs is undecidable (halting problem)

Goal: Find classes of programs where termination is decidable

while ( a⃗ · x⃗ > b⃗ ) do x⃗ ← A · x⃗ + c⃗Tiwari (CAV 2004)
termination decidable if variables range over R

Braverman (CAV 2006)
termination decidable if variables range over Q

termination decidable over Z if b⃗ = c⃗ = 0⃗

Ouaknine, Pinto, Worrell (SODA 2015)
termination decidable over Z if A is diagonalizable or dimension ≤ 4

Frohn & Giesl (CAV 2019)
termination decidable over Z if A is triangular

Hosseini, Ouaknine, Worrell (ICALP 2019)
termination decidable over Z
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Termination of triangular weakly non-linear loops over S ∈ {Z,Q,RA}

while (φ ) do

[
x1
. . .
xd

]
←

[
c1 · x1 + p1

. . .
cd · xd + pd

]

while (φ ) do x⃗ ← u⃗

with V(p1) ⊆ {x2, . . . , xd}
V(p2) ⊆ {x3, . . . , xd}

...
V(pd) = ∅

Compute normalized closed form q⃗ = u⃗n for all large enough n

⇒ q =
∑

1≤j≤ℓ αj · naj · bj n with polynomials αj over x⃗ , aj ∈ N, bj ∈ S>0

and (bℓ, aℓ) >lex . . . >lex (b2, a2) >lex (b1, a1)⇒ Loop is non-terminating iff ∃x⃗ ∈ Sd , n0 ∈ N. ∀n ∈ N>n0 . φ(q⃗) is valid

Eliminate ∀ by examining dominant terms in φ(q⃗)’s inequations

⇒ replace p > 0 in φ(q⃗) with p =
∑

1≤j≤ℓ αj · naj · bj n by

red(p) = αℓ > 0
∨ αℓ = 0 ∧ αℓ−1 > 0
∨ . . .
∨ αℓ = 0 ∧ αℓ−1 = 0 ∧ . . . ∧ α2 = 0 ∧ α1 > 0

while ( x1 + x22 > 0 ) do (x1, x2, x3) ← (x1 + x22 · x3, x2 − 2 · x23 , x3)

non-terminating

q⃗ =

[
4
3
· x53 · n3 +

(
−2 · x53 − 2 · x2 · x33

)
· n2 +

(
x22 · x3 + 2

3
· x53 + 2 · x2 · x33

)
· n + x1

−2 · x23 · n + x2
x3

]Check ∃x1, x2, x3 ∈ S, n0 ∈ N. ∀n ∈ N>n0 . p > 0

. red(p) for p = α4 · n3 + α3 · n2 + α2 · n + α1 where

α4 =
4
3 · x

5
3 α3 =−2 · x53 − 2 · x2 · x33 + 4 · x43

α2 = x22 · x3 + 2
3 · x

5
3 + 2 · x2 · x33 − 4 · x2 · x23 α1 = x1 + x22

Theorem

Termination of twn-loops decidable for S ∈ {RA,R}
Non-termination of twn-loops semi-decidable for S ∈ {Z,Q}
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Termination of linear loops over S ∈ {Z,Q,RA}

while (φ ) do x⃗ ← A · x⃗ + c⃗

If A is not triangular, transform it into Jordan normal form

Compute normalized closed form q⃗ = An · x⃗ for all large enough n

⇒ Loop is non-terminating iff ∃x⃗ ∈ Sd . red(φ(q⃗)) is valid

Theorem

Termination of linear loops with rational eigenvalues is Co-NP complete for S ∈ {Z,Q}
Termination of linear-update loops with real eigenvalues is ∀R complete for S ∈ {RA,R}

Proof of Co-NP hardness: ξ unsatisfiable iff
while ( ξ [ x / (x > 0) ] ) do x⃗ ← x⃗ terminates

φ : −x1 + 3 · x3 + 4 > 0

ic(φ(q⃗)) : (x5 > 0) ∨ (x5 = 0 ∧ x4 > 0)∨
(x5 = 0 ∧ x4 = 0 ∧ x3 > 0)∨
(x5 = 0 ∧ . . . ∧ x3 = 0 ∧ −x2 > 0)∨
(x5 = 0 ∧ . . . ∧ x2 = 0 ∧ −x1 + 4 > 0)

A=

1 1 0 0 0
0 1 0 0 0
0 0 2 1 0
0 0 0 2 1
0 0 0 0 2



q⃗=


x1 + n · x2

x2
x3 · 2n +

( x4
2
− x5

8

)
· n · 2n + x5

8
· n2 · 2n

x4 · 2n + x5
2
· n · 2n

x5 · 2n

φ(q⃗) : p > 0 with

p = 3·x5
8

· n2 · 2n +
(
3·x4
2

− 3·x5
8

)
· n · 2n+

3 · x3 · 2n − x2 · n− x1 + 4

Theorem

Termination of uniform loops is polynomial for fixed number k of eigenvalues

⇒ k-termination of uniform loops is in XP

A is uniform if all eigenvalues λ ∈ S≥0 and only one Jordan block for each λ

For uniform loops: red(p > 0) ⇔ disjunction of interval conditions ic(p > 0)

x ′ = 0 ∧ . . . ∧ x ′′ = 0 ∧

±

x

+c

> 0

x ′ = 0 ∧ . . . ∧ x ′′ = 0 ∧ x = c

∧ ±y > 0

Instantiations from {0, 1,−1, ⋆} suffice for satisfiability
⋆ only needed for x with eigenvalue 1
at most one x ̸= 0 per eigenvalue

 number of instantiations ≤ (3 · d + 2)k+1

d : number of variables
k : number of eigenvalues

For all instantiations, check whether resulting formula over variable ⋆ is satisfiable
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Deciding termination

Theorem [LPAR 2020, IJCAR 2022]

Halting problem for twn-loops decidable

Polynomial runtime bounds computable for all twn-loops over Z
⇒ Combination with incomplete automated complexity analysis in tool KoAT

Theorem [SAS 2020, arXiv 2022]

Termination of twn-loops decidable for S ∈ {RA,R}

Non-termination of twn-loops semi-decidable for S ∈ {Z,Q}

Termination of linear loops with rational eigenvalues is Co-NP complete for S ∈ {Z,Q}

Termination of linear-update loops with real eigenvalues is ∀R complete for S ∈ {RA,R}

Termination of uniform loops is polynomial for fixed number k of eigenvalues
⇒ k-termination of uniform loops is in XP
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Probabilistic programs where termination

and complexity

is decidable

while (a⃗ · x⃗ > b⃗) do

p1: x⃗ ← x⃗ + c⃗1
...

pn: x⃗ ← x⃗ + c⃗n

p′ : x⃗ ← d⃗ // where a⃗ · d⃗ ≤ b⃗

Giesl, Giesl, Hark (CADE 2019)

(Positive) almost-sure termination is decidable

asymptotic expected runtime is computable

exact expected runtime is computable
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