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7 (f(g(x)) = (%)

D a set of DPs, R a TRS.
A sequence of terms to, t1, ... is a (D, R)-chain if we have

to—i>'[)o—i>;z t1—i>DO—i>;z...

(DP(Rrg), Rirg)-Chains: ffefe Sppre) '8 SpP(Re 7 Ef

Theorem: Chain Criterion [Arts & Giesl 2000]

R is innermost terminating iff (DP(R), R) is innermost terminating
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o (Chain Criterion) Use all rules and dependency pairs: (DP(R), R)

@ How do we create smaller problems?:
e DP processors: Proc(D,R) = {(D1,R1),---,(Dk, Ri)}

if all (Dj, R;) are innermost terminating,

e Proc is sound: . I
then (D, R) is innermost terminating

if (D,R) is innermost terminating,

e Proc is complete: . N
P then all (D;, R;) are innermost terminating

7/25



DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(a) f(f(a(x))) = f(a(f(e(f(x))))) (2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)



Introduction (TRS) DP Framework Introduction (PTRS)
oo 0000000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(a) f(f(a(x))) = f(a(f(e(f(x))))) (2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

ProcD(;(D., R) = {(Dl R), P (Dk,R)}
(sound & complete)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:



DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]
(1) F#(1(6(x))) = F* (e(F(&(F ()
(2) F(F(g(x))) — Fe(F(&(f(x)) (2) F#(1(6(x)) = F* ((f(x)))
(3) F#(1(()) = 7 (x)

PrOCDG(,D'/R) = {(DlR)~ SRR (Dk~R)}
(sound & complete)
PrOCDG(DP(Rffg), Rffg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:



DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(a) f(f(a(x))) = f(a(f(e(f(x))))) (2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

Procps(D,R) = {(D1,R),...,(Dk,R)}
(sound & complete)

Procps(DP(Risg), Risg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

(D, R)-Dependency Graph

@ directed graph whose nodes are the dependency pairs from D




DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(a) f(f(a(x))) = f(a(f(e(f(x))))) (2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

(DP(Rsrg), Retg)-Dependency Graph:

Procps(D,R) = {(D1,R),...,(Dk,R)}
(sound & complete)

Procps(DP(Risg), Risg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

(D, R)-Dependency Graph

@ directed graph whose nodes are the dependency pairs from D




DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(a) f(f(a(x))) = f(a(f(e(f(x)))))

Procps(D,R) = {(D1,R), ..., (D, R)}
(sound & complete)

Procps(DP(Risg), Risg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

(D, R)-Dependency Graph

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

(DP(Rsrg), Retg)-Dependency Graph:

[ (H(00) = ()|

|7 (f(s())) = (e(1()) |

[ (H(0)) = 7 (e((&(F(x))))) |

@ directed graph whose nodes are the dependency pairs from D




DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(a) f(f(a(x))) = f(a(f(e(f(x)))))

Procps(D,R) = {(D1,R), ..., (D, R)}
(sound & complete)

Procps(DP(Risg), Risg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

(D, R)-Dependency Graph

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

(DP(Rsrg), Retg)-Dependency Graph:

[ (H(00) = ()|

|7 (f(s())) = (e(1()) |

[ (H(0)) = 7 (e((&(F(x))))) |

@ directed graph whose nodes are the dependency pairs from D

@ there is an arc from s — t to v — w iff ton —>7 voo for substitutions

01, 072.




DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(a) f(f(a(x))) = f(a(f(e(f(x)))))

Procps(D,R) = {(D1,R), ..., (D, R)}
(sound & complete)

Procps(DP(Risg), Risg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

(D, R)-Dependency Graph

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

(DP(Rsrg), Retg)-Dependency Graph:

[ (H(00) = ()|

|7 (f(s())) = (e(1()) |

[ (H(0)) = 7 (e((&(F(x))))) |

@ directed graph whose nodes are the dependency pairs from D

@ there is an arc from s — t to v — w iff toq —>7 voo for substitutions

01, 072.




DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(a) f(f(a(x))) = f(a(f(e(f(x)))))

Procps(D,R) = {(D1,R), ..., (D, R)}
(sound & complete)

Procps(DP(Risg), Risg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

(D, R)-Dependency Graph

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

(DP(Rsrg), Retg)-Dependency Graph:

[ (H(00) = ()|

|7 (f(s0))) = (e(1()) |

[ (H(0)) = 7 (e((&(F(x))))) |

@ directed graph whose nodes are the dependency pairs from D

@ there is an arc from s — t to v — w iff ton —>7 voo for substitutions

01, 072.




DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(a) f(f(a(x))) = f(a(f(e(f(x)))))

Procps(D,R) = {(D1,R), ..., (D, R)}
(sound & complete)

Procps(DP(Risg), Risg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

(D, R)-Dependency Graph

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

(DP(Rsrg), Retg)-Dependency Graph:

[ #(H(00) = ()

|7 (f(s0))) = (e(1()) |

[ (H(600)) = (el (&) |

@ directed graph whose nodes are the dependency pairs from D

@ there is an arc from s — t to v — w iff ton —>7 voo for substitutions

01, 072.




DP Framework
0000@000

Dependency Graph Processor [Arts & Giesl 2000, ... ]

(a) f(f(a(x))) = f(a(f(e(f(x)))))

Procps(D,R) = {(D1,R), ..., (D, R)}
(sound & complete)

Procps(DP(Risg), Risg)

where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

(D, R)-Dependency Graph

(1) F#(f(g(x))) — 7 (e(f(g(f(x)))))
(2) F(f(g(x))) — 7 (g(f(x)))
(3) F*(f(g(x))) = (%)

(DP(Rsrg), Retg)-Dependency Graph:

Q

[ #(H(00) = ()

|

|7 (f(s0))) = (e(1()) |

[ (H(600)) = (el (&) |

@ directed graph whose nodes are the dependency pairs from D

@ there is an arc from s — t to v — w iff ton —>7 voo for substitutions

01, 072.
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where Dy, ..., Dy are the SCCs of the
(D, R)-dependency graph:

[ (H(600)) = (el (&) |

(D, R)-Dependency Graph

@ directed graph whose nodes are the dependency pairs from D

@ there is an arc from s — t to v — w iff ton —>7 voo for substitutions
01, 072.
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(sound & complete)

Procrp({(3)}, 2)
fi,(x) = X
fpo/(X) = X
groa(x) = x+1

Find natural polynomial interpretation Pol such that
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@ Pol(s) > Pol(t) for all rules s — t in Dy
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Reduction Pair Processor (sound & complete)

(3) x+1>x

PrOCRp(D, R) = {(D \ ’D},R)}
(sound & complete)

Procre({(3)}, ) = {(2, 2)}

fi,(x ) = x
fpo/(X) = X
groi(x) = x+1

Find natural polynomial interpretation Pol such that

@ Pol(¢) > Pol(r) for all rules £ — r in R
@ Pol(s) > Pol(t) for all rules s — t in Dy
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Final Innermost Termination Proof

(DP(Rtg), Rirg)
l
Dep. Graph
1
({(3)} Rese)
l
Usable Rules
l
{(3)},9)
1
Red. Pair
l
(9,2)

| Inner. Terminating |

= Innermost termination is proved automatically!
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Termination of Probabilistic TRSs

Rew: g(0) — {12:0, 12:g(g(0))} J
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Termination of Probabilistic TRSs

Rew: g(0) — {12:0, 12:g(g(0))}

rk

Evaluation
00

Distribution:  {p1:ty, ..., pc:tc} withpi+...+pc=1

{1:g(0)}
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Annotated Dependency Pairs

Rowa: g — {Y2:0, Y2:c(g,g,8)} not AST J

Dependency Pairs

DP(Rm2): g" = {Y2:0,Y2:¢"} AST

— Using DP problems (DP(Rmz2), Rrw2) is unsound in the probabilistic setting
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Chain:
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[KG23] has only “if”
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o ADP Problems P with P a set of ADPs

@ How do we start?:
o (Chain Criterion) Use all annotated dependency pairs: DP(R)

@ How do we create smaller problems?:
o DP Processors: Proc(P) = {P1,..., P}

if all P; are innermost AST,

° Proc is sound: then P is innermost AST

if P is innermost AST,

o Proc is complete: .
P then all P; are innermost AST
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Move-Algorithm

Rmove :
(a) head(cons(x,xs)) —1:x

(b) tail(cons(x,xs)) — 1: xs

(¢) empty(nil) — 1 : true
(d) empty(cons(x, xs)) — 1 : false

(e) or(false, false) — 1 : false

(f) or(true,x) — 1 : true

(g) or(x,true) — 1 : true

(h) move(xs, ys) — 1 :if (or (empty (xs),empty (ys)),xs,ys)
(7) if(true, xs, ys) — 1 : xs

) if (false, xs, ys) — 1/2 : move (tail (xs),cons(head (xs),ys)),

1/2 : move (cons(head (ys),xs),tail (ys))
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(d) empty(cons(x, xs)) — 1 : false

(e) or(false, false) — 1 : false

(f) or(true,x) — 1 : true

(g) or(x,true) — 1 : true

(h) move(xs, ys) — 1 : if* (or# (empty# (xs), empty™ (ys)), xs, ys)
(7) if(true, xs, ys) — 1 : xs

) if (false, xs, ys) — 1/2 : move (tail” (xs), cons(head” (xs), ys)),

1/2 : move# (cons(head” (ys), xs), tail” (ys))
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PrOCDG (P)
= (PLUB(P\ P),..., Px Ub(P\ Pe)}

where Pi, ..., Pk are the SCCs of the
‘P-dependency graph
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)
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(a) head(cons(x, xs)) — 1 : x E;
(b)

(e) or(false, false) — 1 : false (
(f)
(e)

(i
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={PLUB(P\P1),..., PrUb(P\ Pi)}

where Pi, ..., Pk are the SCCs of the
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P-Dependency Graph

1/2: move#(cons(head#(ys), xs), tail#(ys))

(DP(Rmove))-Dependency Graph:

@ there is an arc from ...—>{p1 i, .. .
t <y r; for some j and substitutions o1, o2 such that t#o; %:p(p) vt oy

., Pk rk} to v — ... iff there is
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oo 0000008000 00
Transformations (new)
(c) empty(nil) — 1 : true
EZ; headlgcm‘sng XS;; —1:x (d) empty(cons(x, xs)) — 1 : false
tail(cons(x, xs)) — 1 : xs n move(x :i#rm e m x
(e)  or(false, false) — 1 : false ((Ilv)) if(trouee(xzyﬁg :: } . :5 (or(empty(xs), empty(ys)), xs. y5)
gg Z:E::J:;u:; :: i :::: ) if(false, xs, ys) — 1/2 : move? (tail(xs), cons(head(xs), ys)),

1/2: move#(cons(head(ys), xs), tail(ys))
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gg z:g:u:;u:; :: i :::: ) if(false, xs, ys) — 1/2 : move (tail(xs), cons(head(xs), ys)),

1/2: move#(cons(head(ys), xs), tail(ys))

)] if (false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
1/2 : move™ (cons(head(ys), xs), tail(ys))

20/25



Introduction (PTRS) Prob DP Framework Evaluation
(e]e] 000000e000 (e]e]

(c) empty(nil) — 1 : true
(a) hea?l(cons(x, xs)) — 1:x (d) empty(cons(x, xs)) — 1 : false
Eg taggf?ar;:ixhxlzg : i e ((h)) ‘f(move(xs, ys; — 1  if7 (or(empty(xs), empty(ys)), xs, ys)
’ : i if(true, xs, ys) — 1: xs
gg Z:E:u:;u:; :: i :::: 0) if(false, xs, ys) — 1/2 : move? (tail(xs), cons(head(xs), ys)),

1/2: move#(cons(head(ys), xs), tail(ys))

) if (false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
1/2 : move™ (cons(head(ys), xs), tail(ys))

20/25



Introduction (TRS) DP Framework Introduction (PTRS) Prob DP Framework Evaluation
(oo} 00000000 (e]e] 000000e000 (e]e]

Transformations (new)

(c) empty(nil) — 1 : true
22; head‘zconszx. xs;i — 1:x (d) empty(cons(x, xs)) — 1 : false
tail(cons(x, xs)) — 1: xs P =
(e)  or(false, false) — 1 : false ((,7)) if(’;‘rouvee,(iz: ﬁ; :: i l)fs (or(empty(xs), empty(ys)), xs. y5)
gg Z:Egu:;u:; :: i :::: 0] if(false, xs, ys) — 1/2 : move#(tail(xs), cons(head(xs), ys)),
’ 1/2: move? (cons(head(ys), xs), tail(ys))
() if (false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
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EZ; head‘zconsgx, ngg —1:x (d) empty(cons(x, xs)) — 1 : false
tail(cons(x, xs)) — 1 : xs " =
(e)  or(false, false) — 1 : false ((,7)) if(’;‘rouvee,(iz: ﬁ; :: i l)fs (or(empty(xs), empty(ys)), xs. y5)
gg Z:Egu:;u:; :: i :::: 0] if(false, xs, ys) — 1/2 : move#(tail(xs), cons(head(xs), ys)),
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000000e000

Transformations (new)

true
false

“ (0) empty(nil) — 1
a d) em ns(x, x 1
(b) tail(cons(x, xs)) — 1 : xs EE; empty(cons(x, xz)) —
(e) or(false, false) — 1 : false (

(f)
(e)

head(cons(x, xs)) — 1 : x

move(xs, ys) — 1 : if? (or(empty(xs), empty(ys)), x5, ys)

iy SR 0 if(true, xs,ys) = 1:xs

or(x tr’ue) o1 true ) if(false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
1/2: move#(cons(head(ys), xs), tail(ys))

)] if (false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
1/2 : move™ (cons(head(ys), xs), tail(ys))

1 (Instantiation)

(7') if (false, cons(x, xs), cons(y, ys))
— 1/2 : move™ (tail(cons(x, xs)), cons(head(cons(x, xs)), cons(y, ys))),
1/2 : move™ (cons(head(cons(y, ys)), cons(x, xs)), tail(cons(y, ys)))
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(e]e] 000000e000

Transformations (new)

(c) empty(nil) — 1 : true
(a) hea?l(cons(x, xs)) — 1:x (E) empty(cons(x, xs)) — 1 : false
Eg taggfgar;:ixhxlzg : i e ((h)) ‘f(move(xs, ys; — 1  if7 (or(empty(xs), empty(ys)), xs, ys)
» : i if(true, xs, ys) — 1: xs
gg z:g:u:;u:; :: i :::: ) if(false, xs, ys) — 1/2 : move (tail(xs), cons(head(xs), ys)),

1/2: move#(cons(head(ys), xs), tail(ys))

)] if (false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
1/2 : move™ (cons(head(ys), xs), tail(ys))
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1/2 : move™ (cons(head(cons(y, ys)), cons(x, xs)), tail(cons(y, ys)))
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(f)
(e)
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— 1/2 : move™ (tail(cons(x, xs)), cons(head(cons(x, xs)), cons(y, ys))),
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false
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a d) em ns(x, x: 1
(b) tail(cons(x, xs)) — 1: xs EF; empty(eons(zx, x5)) —
(e) or(false, false) — 1 : false (

(f)
(e)

head(cons(x, xs)) — 1 : x

move(xs, ys) — 1 : if? (or(empty(xs), empty(ys)), x5, ys)

purhings SR 0 if(true, xs,ys) = 1:xs

or(x tr’ue) o1 true ) if(false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
1/2: move#(cons(head(ys), xs), tail(ys))

)] if (false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
1/2 : move™ (cons(head(ys), xs), tail(ys))
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(7') if (false, cons(x, xs), cons(y, ys))
— 1/2 : move™ (tail(cons(x, xs)), cons(head(cons(x, xs)), cons(y, ys))),
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Transformations cont.
(c) empty(nil) — 1 : true
EZ; headlgcm‘sng XS;; —1:x (d) empty(cons(x, xs)) — 1 : false
tail(cons(x, xs)) — 1 : xs n move(x :i#rm e m x
(e)  or(false, false) — 1 : false ((Ilv)) if(trouee(xzyﬁg :: } . :5 (or(empty(xs), empty(ys)), xs. y5)
gg Z:E::J:;u:; :: i :::: (0] if(false, xs, ys) — 1/2: move (tail(xs), cons(head(xs), ys)),
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(h) move(xs, ys) — 1 : if# (or(empty(xs), empty(ys)), xs, ys)
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(e)  or(false, false) — 1 : false ((Ilv)) if(t:z:’(xz:ﬁ; :: } . st (or(empty(xs), empty(ys)), xs. y5)
gf) or(true, x) = 1 true (0] if(false, xs, ys) — 1/2: move (tail(xs), cons(head(xs), ys)),
g) or(x, true) — 1 : true
1/2: move#(cons(head(ys), xs), tail(ys))
(h) move(xs, ys) — 1 : if# (or(empty(xs), empty(ys)), xs, ys)
J (Transformations, . ..)

(T(h)

move(cons(x, xs), cons(y, ys)) — 1 : if#(false, cons(x, xs), cons(y, ys))

After the usable rules processors:
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Transformations cont.

true
false

o (0) empty(nil) — 1
a, d) em ns(x, x: 1
(b) tail(cons(x, xs)) — 1 : xs EE; empty(eons(zx, x5)) —
(e) or(false, false) — 1 : false (

(f)
(e)

head(cons(x, xs)) — 1 : x

move(xs, ys) — 1 : if? (or(empty(xs), empty(ys)), x5, ys)

iy SR 0 if(true, xs,ys) = 1:xs

or(x tr’ue) o1 true ) if(false, xs, ys) — 1/2 : move™ (tail(xs), cons(head(xs), ys)),
1/2: move#(cons(head(ys), xs), tail(ys))

(h) move(xs, ys) — 1 : if# (or(empty(xs), empty(ys)), xs, ys)

J (Transformations, . ..)

(T(h)

move(cons(x, xs), cons(y, ys)) — 1 : if#(false, cons(x, xs), cons(y, ys))

After the usable rules processors:

{T(h), TG)} -

move(cons(x, xs), cons(y, ys)) — 1 : if#(false, cons(x, xs), cons(y, ys))
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Reduction Pair Processor (based on [KG23])

T(F)  move(cons(x, xs), cons(y, ys)) —+ 1 : if¥ (false, cons(x, xs), cons(y, ys))

T (j) if(false, cons(x, xs), cons(y, ys)) — 1/2: move#(xs, cons(x, cons(y, ys))),
1/2: move#(cons(y, cons(x, xs)), ys)
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1/2: move#(cons(y, cons(x, xs)), ys)

Procgrp(P) = {P \ P~ Ub(Ps)}

Find multilinear, natural polynomial interpretation Pol such that
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aluation
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Reduction Pair Processor (based on [KG23])

T(h) move(cons(x, xs), cons(y, ys)) — 1 : if¥ (false, cons(x, xs), cons(y, ys))

T (j) if(false, cons(x, xs), cons(y, ys)) — 1/2: move#(xs, cons(x, cons(y, ys))),
1/2: move? (cons(y, cons(x, xs)), ys)

Procgp(P) = {P \ P Ub(Ps-)}
Find multilinear, natural polynomial interpretation Pol such that

@ Forall £ - p={p1:n,...,px:r}inP: @ Forall £ — {p1:r,...,pk:r}in Py
there is a j with:
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Reduction Pair Processor (based on [KG23])

T(F)  move(cons(x, xs), cons(y, ys)) —+ 1 : if¥ (false, cons(x, xs), cons(y, ys))

T (j) if(false, cons(x, xs), cons(y, ys)) — 1/2: move#(xs, cons(x, cons(y, ys))),
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Procrp({T (h), T()}) =

uation
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Find multilinear, natural polynomial interpretation Pol such that
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T(F)  move(cons(x, xs), cons(y, ys)) —+ 1 : if¥ (false, cons(x, xs), cons(y, ys))
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@ Forall{ - p={p1:n,...,px:r}inP: @ Forall £ — {p1:r,...,px:rc}in Py

there is a j with:

Pol(£#) > E(u) = Z P - Z Pol(t*) Pol(£#) > Z Pol(t*)

1<j<k  tdyy =

22/25



Prob DP Framework
000000000

Reduction Pair Processor (based on [KG23])
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T (j) if(false, cons(x, xs), cons(y, ys)) — 1/2 : move’ (xs, cons(x, cons(y, ys))),
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Procrp({T (h), T()}) =

T(h), T()} -
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move® (x,y) = 2x+y
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there is a j with:
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T(h)  move(cons(x, xs), cons(y, ys)) — 1 : if# (false, cons(x, xs), cons(y, ys))
T (j) if(false, cons(x, xs), cons(y, ys)) — 1/2 : move’ (xs, cons(x, cons(y, ys))),
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Pol(if*(false, cons(x, xs), cons(y, ys)))
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= 12 Pol(move” (xs, cons(x, cons(y, ys))))
+ 1/2 - Pol(move™ (cons(y, cons(x, xs), ys)))
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Pol(if# (false, cons(x, xs), cons(y, ys)))
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1/2 : move™ (cons(y, cons(x, xs)), ys)
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Procrp(P) = {P \ P~ Ub(Ps)}
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@ Forall ¢ - p={p1:n,...,px:r}inP:

Pol(e*) 2 B(u) = Y e D Pol(t?)
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falsep,y = 0
conspo/(x,y) = y+1
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if’,fo,(x,y7 z) = 2y+z
@ Forall ¢ = {p1:r,...,px:rc}in Py
there is a j with:
Pol(£#) > Z Pol(t*)
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and
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Procgrp(P) = {P \ P~ Ub(Ps)}
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if’,fo,(x,y7 z) = 2y+z
@ Forall £ — {p1:r,...,pk:rc}in Py
there is a j with:
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Reduction Pair Processor (based on [KG23])

T(h) move(cons(x, xs), cons(y, ys)) — 1 : if? (false, cons(x, xs), cons(y, ys))

T () if(false, cons(x, xs), cons(y, ys)) — 1/2 : move™ (xs, cons(x, cons(y, ys))),

Procge({T'(h), T(N}) = {b({T(h), TG)})}

Pol(if*(false, cons(x, xs), cons(y, ys)))
= 2xs+ys+3
= 1/2. Pol(move” (xs, cons(x, cons(y, ys))))
+ 1/2 - Pol(move™ (cons(y, cons(x, xs), ys)))

and
Pol(if#(false, cons(x, xs), cons(y, ys)))
= 2xs+ys+3
> 2xs+ys+2

Pol(move™ (xs, cons(x, cons(y, ys))))

1/2: move? (cons(y, cons(x, xs)), ys)

Procgrp(P) = {P \ P~ Ub(Ps)}

Find multilinear, natural polynomial interpretation Pol such that

@ Forall ¢ - p={p1:n,...,px:r}inP:
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{T(h), T()} -
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@ Forall £ — {p1:r,...,pk:rc}in Py
there is a j with:
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Reduction Pair Processor (based on [KG23])

T(h)  move(cons(x, xs), cons(y, ys)) — 1:if (false, cons(x, xs), cons(y, ys))

T (j) if(false, cons(x, xs), cons(y, ys)) — 1/2 : move (xs, cons(x, cons(y, ys))),

Procge({T'(h), T(N}) = {b({T(h), TG)})}

Pol(if*(false, cons(x, xs), cons(y, ys)))
= 2xs+ys+3
= 1/2. Pol(move” (xs, cons(x, cons(y, ys))))
+ 1/2 - Pol(move™ (cons(y, cons(x, xs), ys)))

and
Pol(if#(false, cons(x, xs), cons(y, ys)))
= 2xs+ys+3
> 2xs+ys+2

Pol(move™ (xs, cons(x, cons(y, ys))))

1/2 : move (cons(y, cons(x, xs)), ys)

Procgrp(P) = {P \ P~ Ub(Ps)}

Find multilinear, natural polynomial interpretation Pol such that

@ Forall ¢ - p={p1:n,...,px:r}inP:

Pol(e*) 2 B(u) = Y - D Pol(t?)

1<j<k ey

{T(h), T()} -
falsep,y = 0
conspo/(x,y) = y+1
move® (x,y) = 2x+y
if’,fo,(x,y7 z) = 2y+z
@ Forall £ — {p1:r,...,pk:rc}in Py
there is a j with:
Pol(£#) > Z Pol(t*)
tdyr
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Final Innermost Almost-Sure Termination Proof

IDP(Rmove)
L
Dep. Graph
{{(h), (G)} UB(DP(Rumeve) \ {(h), ()} }
+

Transformations + ...
I3

{T(h), T(G)}
1
Red. Pair
1

({T(h), T()})

L
iAST

= Innermost AST is proved automatically!
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Implementation and Experiments

e Fully implemented in AProVE
o Evaluated on 100 benchmarks (90 iAST)

ADPs | DTs [KG23] | NaTT2 [ADY19]
iAST | 77 54 24

Evaluation
®0

Probabilistic Quicksort:

rotate(cons(x, xs)) — {1/2 : cons(x, xs), }/2 : rotate(app(xs, cons(x, nil)))}
gs(nil) = {1 : nil}
gs(cons(x, xs)) — {1 : gsHelp(rotate(cons(x, xs)))}
gsHelp(cons(x, xs)) — {1 : app(gs(low(x, xs)), cons(x, gs(high(x, xs))))}
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Conclusion

@ ADP framework for innermost AST of probabilistic TRSs
@ New Annotated Dependency Pairs:

l move(xs, ys) — 1 : if” (or” (empty” (xs), empty™ (ys)), xs, ys)
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l move(xs, ys) — 1 : if” (or” (empty” (xs), empty™ (ys)), xs, ys)

@ Adapted the processors from [KG23]:

o Dependency Graph Processor o Usable Terms Processor
o Reduction Pair Processor o Usable Rules Processor
o Probability Removal Processor
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