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@ 2006: Problem #106 of the RTA list of open problems:

“Can we use the dependency pair method
to prove relative termination?"
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Dependency Pairs for Relative Termination

Goal: DP approach better than DP(R U B)/(R U B) (Termination of R U B) J

Sufficient to analyze DP(R)/(R U B)?

Ri: a—b Bu: b—a J

a—=r b—=pa—or, ...
Ri1/B1 not terminating, but DP(R1)/(R1 U Bi) terminating (DP(R1) = @)

Ro: a—b Bo: f — d(a,f) J

f =g, d(a,f) =, d(b,f) =5, d(b,d(a,f)) ==, ...
R2/B: not terminating, but DP(R2)/(R2 U B:) terminating (DP(R2) = @)

Domination
R dominates B :< no defined symbol of R in a right-hand side of 53
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B is duplicating :< 3¢ — r € B,x € V: x occurs more often in r than in /.

DPs for Relative Termination [Iborra et al. 2016]

If R dominates BB and B is non-duplicating, then R /B is terminating iff
DP(R)/(R U B) is terminating

Rien: Beom:

len(nil) - O
len(cons(x, xs)) — s(len(xs)) cons(x, cons(y, xs)) — cons(y, cons(x, xs))
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9/19



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework
(oo} 000000 @00 00000

Annotated Dependency Pairs

Ra: a—b Bo: b—a

Evaluation

(e]e]

a—r,b—p a—gr, ...
1 1 1

Function Calls: —

10/19



Introduction (TRS)
(oo}

Dependency Pairs
000000

Relative Dependency Pairs
@00

Annotated Dependency Pairs

Relative DP Framework
00000

Evaluation
00

Ra: a—b Bo: b 3 J
a—r,b—p a—gr, ...
Function Calls: —
A(R2):  a# —b# A(By): b# ot

10/19



Introduction (TRS)
(oo}

Dependency Pairs
000000

Relative Dependency Pairs
@00

Annotated Dependency Pairs

Relative DP Framework
00000

Evaluation
00

Ra: a—b Bo: b 3 J
a—r,b—p a—gr, ...
Function Calls: —
A(R2):  a# —b# A(By): b# ot )
a?

10/19



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
[e]e] 000000 @00 00000 [e]e)

Annotated Dependency Pairs

Ra: a—b Bo: b—a J

a—r,b—p a—gr, ...
1 1 1

Function Calls: —
A(R2):  a*—b* A(B>): b# a7 J
(#)
a” = A(R1) b7

10/19



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework Evaluation
[e]e] 000000 @00 00000 [e]e)

Annotated Dependency Pairs

Ra: a—b Bo: b—a J

a—r,b—p a—gr, ...
1 1 1

Function Calls: —
A(Rz2):  a# —b# A(By): b# st |
(#)
—>A(R ) b* 7 A(BY) a”

10/19



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework
(oo} 000000 @00 00000

Annotated Dependency Pairs

Ra: a—b Bo: b—a

Evaluation
00

a—r,b—p a—gr, ...
1 1 1

Function Calls: .
A(R2):  a? —b# A(By): b# st J
(#) (#)
—>A<R ) b =y 27 ARy -

10/19



Introduction (TRS) Dependency Pairs Relative Dependency Pairs Relative DP Framework
(oo} 000000 @00 00000

Annotated Dependency Pairs

Ra: a—b Bo: b—a

Evaluation
00

a—r,b—p a—gr, ...
1 1 1

Function Calls: .
A(R2):  a? —b# A(By): b# st J
(#) (#)
—>A<R ) b =) 3 ARy -

a —>A(R1) b

10/19



Relative Dependency Pairs
@00

Annotated Dependency Pairs

Ro: a—b Bo: b—a J

a—r, b—=p a—g, ...

Function Calls: —_—

A(R2):  a# —b# A(By): b# ot J

# _ (#) # (#) # _(#)
a —>A(R1)b = AB) T AR

a _>.A(R1) b

Relative (P, S)-Chain

(P,S) is terminating :<> there is no infinite evaluation

(#)

t1 —>gf)0(—>7>U—>s)* b —p o(—)pU—>5)*
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(P,S) is terminating :<> there is no infinite evaluation
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it 5% o(mpU—s) b 5P o(mpU—s) ...

Ra: a—b B,: f —d(a,f)
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Function Calls:
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(P,S) is terminating :<> there is no infinite evaluation

(#)

it 5% o(mpU—s) b 5P o(mpU—s) ...

Ra: a—b B,: f —d(a,f) ]

f =g, d(a,f) ==, d(b,f) —35, d(b,d(a,f)) =, ...

unction Calls: —

A(R2): a*—b A(Bz): f*—d(a”, f7) )

# _ (#) # c# (#) #
7 = A5, 4@ f7) = 1%, d(b,f7)
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(P,S) is terminating :<> there is no infinite evaluation

(#)
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Ra: a—b B,: f —d(a,f) ]

f =g, d(a,f) ==, d(b,f) —35, d(b,d(a,f)) =, ...

unction Calls: —

A(R2): a*—b A(B): f*—d(a”, %) )

B a# ) £y _ ) & ch
7 = Ay 4@ ) = Ay (B, F7) = Js,) d(b,d(a”, 7))
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Annotated Dependency Pairs

Relative (P, S)-Chain

(P,S) is terminating :<> there is no infinite evaluation

(#)

it 5% o(mpU—s) b 5P o(mpU—s) ...

Ra: a—b B,: f —d(a,f) ]

f =g, d(a,f) ==, d(b,f) —35, d(b,d(a,f)) =, ...

unction Calls: —

A(R2): a*—b A(Bz): f*—d(a”, f7) )
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Annotated Dependency Pairs

Relative (P, S)-Chain

(P,S) is terminating :<> there is no infinite evaluation

(#)

it 5P o(mpUos) b 5P o(mpU—s) ...

Ra: a—b B,: f —d(a,f) ]

f =g, d(a,f) ==, d(b,f) —35, d(b,d(a,f)) =, ...

A

Ai(Rp):  a"—b A(B2): s, ) )

Function Calls:

# _ (#) # c# (#) # (#) # # (#)
f = A(By) d(a”, ™) = A(Ra) d(b, ™) = A(By) d(b,d(a™, ™)) ARy

Chain Criterion

For B non-duplicating: R/B is terminating iff (A1(R), A2(B)) is terminating
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@ Our objects we work with:
o (Relative) ADP Problems (P,S) with P and S set of ADPs

@ How do we start?:

o (Chain Criterion) Use all main ADPs with 1-annotation .4;(R) and
all base ADPs with 2-annotations 4>(5)

@ How do we create smaller problems?:
e DP Processors: Proc(P,S) = {(P1,S51),---, (Pk,Sk)}

if all (P, S;) are terminating,

o Procis sound: then (P, S) is terminating

if (P,S) is terminating,

Proc is complete: N
° P then all (P;, Si) are terminating
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Relative DP Framework

Example: Division
24/[4,3] = (24/4)/3 =2
Raiv :

(a) minus (x,0) — x

(b)  minus (s(x),s(y)) — minus (x,y)

(¢) div (O,s(y)) — O

(d) div (s(x),s(y)) — s(div(minus (x,y),s(y)))
(e) divL (x, nil) = x

(f) divL (x,cons(y, xs)) — divL(div (x,y), xs)
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Example: Division

24/[4,3] = (24/4)/3 =2 = (24/3)/4 = 24/[3, 4]

A1(Raivt):
(a) minus” (x, 0) = x
(b)  minus¥(s(x),s(y)) — minus¥(x, y)
() div#*(0,s(y)) — O
(d1) div#(s(x),s(y)) — s(div(minus#(x, y),s(y)))
(d2) div#(s(x), s(y)) — s(div¥ (minus(x, y),s(y)))
(e) divL# (x, nil) — x
(f1) divL#(x, cons(y, xs)) — divL(div¥ (x, y), xs)
(f2) divL#(x, cons(y, xs)) — divL# (div(x, y), xs)
Az(Beom): (g) divL#(x, cons(y, xs)) — divL# (x, switch# (y, xs))
(h) switch?(x, cons(y, xs)) — cons(y, switch (x, xs))
(7) switch? (x, xs) — cons(x, xs)
24/[4,3] =5, 24/[4,3] =5, 24/[3.4] =z, 24/[3,4]
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Relative Termination Proof with ADPs

(A1(Raiv), A2(Beom))
{
Dep. Graph

Relative DP Framework
0O@000

// N T——

(D)}, f2)} ({(@)}--) ({(d1)},...)
l { |

Red. Pair Red. Pair Derelatifying Derelatifying
l l 1 1
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General Reduction Pair Processor
(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (22, >)

Reduction Pair

@ ~ is reflexive, transitive, and closed under contexts and substitutions,
@ > is a well-founded order and closed under substitutions

@ Zororx C ».
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General Reduction Pair Processor

(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

Reduction Pair

@ ~ is reflexive, transitive, and closed under contexts and substitutions,
@ > is a well-founded order and closed under substitutions

@ Zororx C ».

Com-monotonic

If s1 > s, then Coma(s1,t) > Com(sz, t) and Comy(t,s1) > Coma(t, s2)

21/19



Appendix
oe

General Reduction Pair Processor

(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

Reduction Pair

@ ~ is reflexive, transitive, and closed under contexts and substitutions,
@ > is a well-founded order and closed under substitutions

@ Zororx C ».

Com-monotonic

If s1 > s, then Coma(s1,t) > Com(sz, t) and Comy(t,s1) > Coma(t, s2)

Com-invariant

Let ~ =2~ NZ, then
) Com2(51, 52) ~ (701112(527 51)

) Com2(517 C0m2(52, 53)) ~ Comz(C0m2(51, Sz), 53)
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General Reduction Pair Processor
(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

@ H(PUS)C > and £# —ann(r) forall £ = re PUS
o (* = ann(r) for all £ — r € P,
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General Reduction Pair Processor

(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs)

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

@ H(PUS)C > and £# —ann(r) forall £ = re PUS
o (* = ann(r) for all £ — r € P,

Vkia
divL(x, cons(y, xs))

=
=

ann(r)
Comy (divL™ (x, switch(y, xs)), switch™ (y, xs))

(g) divL#(x7 cons(y, xs)) — divL#(x, switch‘#(y, xs))
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General Reduction Pair Processor

(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

@ H(PUS)C > and £# —ann(r) forall £ = re PUS
o (* = ann(r) for all £ — r € P,

#

ann(r)
divL(x, cons(y, xs))

—
b Comy (divL™ (x, switch(y, xs)), switch™ (y, xs))

Procrp(P,S) = {(P\ P-,(S\ P-) Ub(P.))}
(sound & complete)
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(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

@ H(PUS)C > and £# —ann(r) forall £ = re PUS
o (* = ann(r) for all £ — r € P,

#

ann(r)
divL(x, cons(y, xs))

—
b Comy (divL™ (x, switch(y, xs)), switch™ (y, xs))

Procrp(P,S) = {(P\ P-,(S\ P-) Ub(P.))}
(sound & complete)

Procrp({(f2)},...)
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General Reduction Pair Processor
(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

@ H(PUS)C > and £# —ann(r) forall £ = re PUS
o (* = ann(r) for all £ — r € P,

Viid
divL(x, cons(y, xs))

ann(r)

—
b Comy (divL™ (x, switch(y, xs)), switch™ (y, xs))

Procrp(P,S) = {(P\ P-,(S\ P-) Ub(P.))}
(sound & complete)

Procrp({(f2)},...)

ComZPo/(Xa .y)
conspo(x,xs) = xs+1 switchpy(x,xs)
divL?, (x, xs)

x+y switch? (x,xs) = 0
xs+1

XS
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General Reduction Pair Processor
(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

@ H(PUS)C > and £# —ann(r) forall £ = re PUS
o (* = ann(r) for all £ — r € P,

o# b ann(r)
divL(x, cons(y, xs)) b Comy (divL™ (x, switch(y, xs)), switch™ (y, xs))
Pol(divL¥(x, cons(y, xs))) >  Pol(Comy(divL? (x, switch(y, xs)), switch? (y, xs)))

Procrp(P,S) = {(P\ P-,(S\ P-) Ub(P.))}
(sound & complete)

Procrp({(f2)},...)

Comy Pol (Xa .y)
conspo(x,xs) = xs+1 switchpy(x,xs)
divL?, (x, xs) XS

x+y switch? (x,xs) = 0
xs+1
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(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

@ H(PUS)C > and £# —ann(r) forall £ = re PUS
o (* = ann(r) for all £ — r € P,

Vkia
divL(x, cons(y, xs))
Pol(divL (x, cons(y, xs)))
xs +1

ann(r)
Comy (divL™ (x, switch(y, xs)), switch™ (y, xs))
Pol(Comy (divL™ (x, switch(y, xs)), switch? (y, xs)))
xs+ 1

VIV IY 1Y

Procrp(P,S) = {(P\ P-,(S\ P-) Ub(P.))}
(sound & complete)

Procrp({(f2)},...)

Comzp,(Xx,y) = x+y switchﬁol(x, xs) = 0
conspy(x,xs) = xs+1 switchpy(x,xs) = xs+1
divL? (x,xs) = xs
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General Reduction Pair Processor

(£2) divL#(x, cons(y, xs)) — divL#(div(x, y), xs) (g) divL#(x, cons(y, xs)) — divL¥ (x, switch(y, xs))

Find Com-monotonic and Com-invariant reduction pair (27, >) such that

@ H(PUS)C > and £# —ann(r) forall £ = re PUS
o (* = ann(r) for all £ — r € P,

Vkia
divL(x, cons(y, xs))
Pol(divL (x, cons(y, xs)))
xs +1

ann(r)
Comy (divL™ (x, switch(y, xs)), switch™ (y, xs))
Pol(Comy (divL™ (x, switch(y, xs)), switch? (y, xs)))
xs+ 1

VIV IY 1Y

Procrp(P,S) = {(P\ P-,(S\ P-) Ub(P.))}
(sound & complete)

Procre({(£2)},...) = {(2,.. )}

Comzp,(Xx,y) = x+y switchﬁol(x, xs) = 0
conspy(x,xs) = xs+1 switchpy(x,xs) = xs+1
divL? (x,xs) = xs
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