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Exercise 1 (Undecidability of Local Conuence):

(3 + 3 = 6 points)

In the solution of Exercise 4 a) from the fourth exercise sheet, you nd the following construction of a TRS for
a given arbitrary Turing machine (Q, Γ, ε, qs , qe , δ):
We rst consider the representation of the tape. We use the binary concatenation operator
interpret

a : b : nil

as the sequence of symbols

ab.

:

and

Now we insert rules for the state transitions. For

f

this we need binary function symbols q for each state

q ∈ Q.

The rst argument represents the tape

contents left from and at the current position while the second argument represents the tape contents
right from the current position. Although the tape is innite, it suces to use nite terms, since only
nitely many positions may contain symbols dierent from the blank symbol: we do not represent the
innite sequences of blank symbols left and right from the other tape contents explicitly. The nite
alphabet

Γ

is represented by a nite set of constants, so we use

Γ ⊆ Σ0 .

Now we insert two rules to add blank symbols to our representation of the tape:

fq (xs, nil) → fq (xs, ε : nil)

fq (nil, y s) → fq (ε : nil, y s)

Depending on the movement of the Turing machine, we insert corresponding rules for the step function.

left movement:

Let

δ(q, a) = (q 0 , left, b).

Then we insert the following rule into the TRS:

fq (a : l, x : r ) → fq 0 (l, b : x : r )
right movement:

Let

0

δ(q, a) = (q , right, b).

Then we insert the following rule into the TRS:

fq (a : l, x : r ) → fq 0 (x : b : l, r )
To easily detect termination of the Turing machine, we additionally insert the rule
foo
Moreover, we add the `initial' rule

fqe (x, y ) → term.

init → fqs (nil, nil).

a)

Please prove that the TRS constructed that way for a given arbitrary Turing machine is locally conuent.
Hints:
• Prove that all critical pairs have a common reduct.

b)

Please prove that the question whether a given arbitrary TRS is locally conuent is undecidable.
Hints:
• For an arbitrary Turing machine (Q, Γ, ε, qs , qe , δ), the constructed TRS R according to the description
above has the following property:
fqs (nil, nil) →∗R term i the Turing machine is terminating.
Now modify the above construction principle such that for every Turing machine one constructs a TRS
which is locally conuent i the Turing machine is terminating.

Solution:
a)

All critical pairs are of one of the following forms:
• hfq (nil, ε : nil), fq (ε : nil, nil)i:
Such pairs can obviously be reduced to fq (ε : nil, ε : nil).
• hfqe (xs, ε : nil), termi:
Such pairs can obviously be reduced to term.
• hfqe (ε : nil, y s), termi:
Such pairs can obviously be reduced to term.
1

Term Rewriting Systems SS 11
Solution - Exercise Sheet 8

There are no other critical pairs for the following reasons:
• Since no constructed rule contains a function symbol corresponding to a state except at the root
position, the only possibility to obtain critical pairs is that two rules have unifying left-hand sides.
• Thus, rules for dierent states cannot lead to critical pairs.
• As δ is a function, there is only one rule constructed for each combination of a state q and a symbol
a which has no critical pairs with itself.
• Dierent rules for the same state q must hence be constructed for dierent symbols a and b. But this
means that there are dierent constants at the same position in the left-hand sides and, thus, the
left-hand sides of the rules cannot unify. Therefore, we do not obtain critical pairs from such rules,
either.
Since all critical pairs can be reduced to a common reduct, the constructed TRS is locally conuent. 
b)

We know that the halting problem for Turing machines is undecidable. For an arbitrary Turing machine
(Q, Γ, , qs , qe , δ), the constructed TRS R according to the given description is shown to be locally conuent
in the previous exercise part. Now we modify this TRS such that it is locally conuent i the Turing machine
is terminating. Then undecidability of local conuence follows from undecidability of the halting problem.
We introduce one additional rule init → term. The only critical pair arising from this modication is
hfqs (nil, nil), termi. By the hint, we know that fqs (nil, nil) →∗R term i the Turing machine is terminating. Moreover, term is a normal form w.r.t. the constructed TRS. Thus, the critical pair is reducible to
a common reduct i the Turing machine is terminating. Hence, a decision procedure for local conuence
would also decide the halting problem for Turing machines. Contradiction.

.

Exercise 2 (Convergence):

(1 + 1 + 2 + 2 = 6 points)

In this exercise we investigate convergence (i.e., termination and conuence) for several given term rewrite
systems. For each of the following term rewrite systems Ri , please state whether Ri is convergent and give an
explanation for your answer.
If Ri is not convergent, it suces to sketch an innite rewrite sequence from a term t or rewrite sequences from
a term t to two terms which are not joinable (e.g., because they have no common normal forms).
If Ri is convergent, please both give a proof of termination and a proof of conuence. For each required termination
proof in this exercise, it will suce to use an RPOS (or a weaker ordering from the lecture). Here you should also
state explicitly which status and which precedence you are using.
Hints:
•

For the conuence proofs, recall that a terminating term rewrite system is conuent if and only if it is locally
conuent.

Ra :
f(f(x, y ), z) → f(x, f(y , z))
f(x, y ) → f(y , x)
Rb :
g(O) → O
g(s(x)) → x
g(s(s(x))) → s(g(x))
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Rc :
plus(plus(x, y ), z) → plus(x, plus(y , z))
plus(x, O) → x
plus(x, s(y )) → s(plus(x, y ))
Rd :
minus(x, O) → x
minus(O, y ) → O
minus(s(x), s(y )) → minus(x, y )

Solution:
Ra :

The TRS Ra is not terminating, as witnessed by the following innite rewrite sequence:
f(x, y ) →Ra f(y , x) →Ra f(x, y ) →Ra . . .

Therefore, it is not convergent either.
Rb :

The TRS Rb is not conuent. One can rewrite the term g(s(s(x))) to two dierent normal forms:
g(s(s(x))) →Rb s(x) 6→Rb

and
g(s(s(x))) →Rb s(g(x)) 6→Rb
Rc :

The TRS Rc is not conuent. One can rewrite the term plus(plus(x, O), z) to two dierent normal forms:
plus(plus(x, O), z) →Rc plus(x, plus(O, z)) 6→Rc

and
plus(plus(x, O), z) →Rc plus(x, z) 6→Rc
Rd :

The TRS Rd is indeed convergent. Termination is proved already by the embedding order. Since Rd is
terminating, conuence and local conuence are equivalent for Rd . To investigate local conuence, we
check whether the critical pairs of Rd are joinable. For Rd we get the single critical pair hO, Oi, which is
trivially joinable. Hence, we have also proved conuence.
.

Exercise 3 (Completion):

(1 + 1 + 4 = 6 points)

Try to use the algorithm BASIC_COMPLETION from the lecture to complete the following systems R1 , . . . , R3 .
Please give all critical pairs examined by the algorithm (please note from which rules they were created), the
respective normal forms and if applicable, the constructed rewrite rule. If the algorithm fails, give the reason. In
this exercise you do not need to give a proof for s  t if you generate a new rule s → t (but this statement
should be true, of course).
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R1 :
element(Cons(x, xs)) → x
element(Cons(x, xs)) → element(xs)

(1)
(2)

As reduction order , use the LPO with precedence element A Cons.
R2 :
f(x) → s(p(x))
f(x) → p(s(x))
p(s(x)) → x

(1)
(2)
(3)

As reduction order , use the LPO with precedence f A s A p.
R3 :
f(f(x)) → h(x)
f(g(x)) → f(x)
f(x) → g(x)

(1)
(2)
(3)

As reduction order , use the LPO with precedence f A h A g.

Solution:
R1 :

R2 :

Rules Critical pair normal forms new rule
1,2 hx, element(xs)i x, element(xs)
As x and element(xs) are in normal form and we cannot orient the two using , the algorithm returns FAIL.
Rules Critical pair normal forms
new rule
1,2 hs(p(x)), p(s(x))i s(p(x)), x s(p(x)) → x (4)
No other critical pairs exist, so the algorithm returns R02 :
f(x) → s(p(x))
f(x) → p(s(x))
p(s(x)) → x
s(p(x)) → x

Rules
1,1
1,2
1,3
1,3
2,3
R3 : 2,7
4,5
4,6
4,7
5,6
5,7
7,7

Critical pair

normal forms

new rule

hf(h(x)), h(f(x))i h(g(x)), g(h(x)) h(g(x)) → g(h(x)) (4)
hh(g(x)), f(f(x))i
h(g(x)), h(x)
h(g(x)) → h(x) (5)
hh(x), f(g(x))i
h(x), g(g(x))
h(x) → g(g(x)) (6)
hh(x), g(f(x))i
h(x), g(g(x))
h(x) → g(g(x)) (6)
hf(x), g(g(x))i
g(x), g(g(x))
g(g(x)) → g(x) (7)
hf(g(x)), f(g(x))i
g(x), g(x)
hg(h(x)), h(x)i
g(x), g(x)
hg(h(x)), g(g(g(x)))i
g(x), g(x)
hg(h(g(x))), h(g(x))i
g(x), g(x)
hh(x), g(g(g(x)))i
g(x), g(x)
hh(g(x)), h(g(x))i
g(x), g(x)
hg(g(x)), g(g(x))i
g(x), g(x)
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(1)
(2)
(3)
(4)
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No other critical pairs exist, so the algorithm returns R03 :
f(f(x)) → h(x)
f(g(x)) → f(x)
f(x) → g(x)
h(g(x)) → g(h(x))
h(g(x)) → h(x)
h(x) → g(g(x))
g(g(x)) → g(x)

(1)
(2)
(3)
(4)
(5)
(6)
(7)
.

5

